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1-Introduction

Lecture 1 Introduction
Background
Linear y=mx+c
Quadratic ax2+bx+c=0
Cubic ax3+bx2+cx+d=0

Systems of Linear equations

ax+by+c=0
Ix+my+n=0
Solution ?
Equation
Differential Operator
dy_1
dx X
Taking anti derivative on both sides
y=In x
From the past
B Algebra
® Trigonometry
W Calculus
B Differentiation
B Integration

Differentiation
» Algebraic Functions
» Trigonometric Functions
« Logarithmic Functions
« Exponential Functions
* Inverse Trigonometric Functions

B More Differentiation
« Successive Differentiation
» Higher Order
e Leibnitz Theorem
B Applications
« Maxima and Minima
« Tangent and Normal
B Partial Derivatives
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1-Introduction

y=f(x)

f(x.y)=0

z=f(x,y)
Integration

Reverse of Differentiation
By parts

By substitution

By Partial Fractions
Reduction Formula

Frequently required

Standard Differentiation formulae
Standard Integration Formulae

Differential Equations

Something New

Mostly old stuff
» Presented differently
* Analyzed differently
» Applied Differently

dy
5 =1
dx y
(y—x)dx +4xdy =0
d?y dyj
—+5| — 4 =g
dx? (dx y
u_ v 0
oy OX
ou ov
X—+Yy— =u
OX oy
ou du _au
7 T a2 Te =0
ox: ot ot
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2-Fundamentals of Differential Equation

Lecture 2 Fundamentals of Differential Equation

Fundamentals
% Definition of a differential equation.

% Classification of differential equations.
% Solution of a differential equation.
% Initial value problems associated to DE.

% Existence and uniqueness of solutions
Elements of the Theory
B Applicable to:
e Chemistry
Physics
Engineering
Medicine
Biology
e Anthropology
B Differential Equation — involves an unknown function with one or more of its
derivatives
B Ordinary D.E. — a function where the unknown is dependent upon only one
independent variable
Examples of DEs

dy
- _5 =1
dx y
(y—x)dx+4xdy =0
d’y dyj
=Yy | —ay =¢
dx? (dx y
M N 0
oy OX
ou ov
X—+Yy— =u
OX oy
2 2

Specific Examples of ODE’s
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2-Fundamentals of Differential Equation

the growth equation;
the pendulum equation;

the van der Pol equation;

the LCR oscillator equation;

a Riccati equation.

B The order of an equation:
e The order of the highest derivative appearing in the equation

d?y . (dyY’
Y512 4 —¢"
e (dxj y

4 2

Ordinary Differential Equation

If an equation contains only ordinary derivatives of one or more dependent variables,
w.r.t a single variable, then it is said to be an Ordinary Differential Equation (ODE). For
example the differential equation

d’ dy \’ )
Kgﬁrs(d—i) 4y =e

is an ordinary differential equation.

Partial Differential Equation

© Copyright Virtual University of Pakistan
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2-Fundamentals of Differential Equation

Similarly an equation that involves partial derivatives of one or more dependent
variables w.r.t two or more independent variables is called a Partial Differential Equation
(PDE). For example the equation

o'u o
az —4 + —2 = O
ox"  oX

is a partial differential equation.

Results from ODE data
B The solution of a general differential equation:
o f(t,y,y’,...,y(n)=0
e isdefined over some interval | having the following properties:
B y(t) and its first n derivatives exist for all tin I so that y(t) and its
first n - 1 derivates must be continuous in |
B y(t) satisfies the differential equation for all tin |

General Solution — all solutions to the differential equation can be represented in
this form for all constants

Particular Solution — contains no arbitrary constants

Initial Condition

Boundary Condition

Initial Value Problem (IVP)

Boundary Value Problem (BVP)

IVP Examples

B The Logistic Equation
e p’=ap-—bp2
e with initial condition p(t0) = pO; for p0O = 10 the solution is:
e p(t)=10a/(10b + (a— 10b)e-a(t-t0))
B The mass-spring system equation
e X +(@/m)yx’+(k/mx =g+ (F(t)/m)
BVP Examples

e Differential equations

By’ + 9y =sin(t)
e with initial conditionsy(0) =1, y’(2p)=-1
e y(t) = (1/8) sin(t) + cos(3t) + sin (3t)

m oy’ +p2y=0
e with initial conditions y(0) = 2, y(1) = -2
* y(t) = 2cos(pt) + (c)sin(pt)

Properties of ODE’s
B Linear — if the nth-order differential equation can be written:
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2-Fundamentals of Differential Equation VU

e an(t)y(n) + an-1(t)y(n-1) + ...+ aly’ +a0(t)y = h(t)

B Nonlinear — not linear
X3y’ ")3-x2y(y’’)2+3xy +5y=eX
Superposition
W Superposition — allows us to decompose a problem into smaller, simpler parts and
then combine them to find a solution to the original problem.

Explicit Solution
A solution of a differential equation

2 2
F(x,y,dy S M}O

dx d T dx?
that can be written as y = f(x) is known as an explicit solution .
Example: The solution y = xex is an explicit solution of the differential equation
ﬂ — ZQ +y=0
dx?>  dx

Implicit Solution
Arelation G(x,y) is known as an implicit solution of a differential equation, if it defines
one or more explicit solution on I.

Example: The solution x2 + y2 - 4=0 is an implicit solution of the equation y’ = - x/y
as it defines two explicit solutions y=+(4-x2)1/2

© Copyright Virtual University of Pakistan



3-Separable Equations VU

Lecture 3 Separable Equations

The differential equation of the form

dy
= f(x,
™ (x,y)

is called separable if it can be written in the form

Y heog(y)
X

To solve a separable equation, we perform the following steps:
1. We solve the equation g(y) =0 to find the constant solutions of the equation.

2. For non-constant solutions we write the equation in the form.

dy
—— =h(x)dx
ay)
Then integrate Jﬁdy = Ih(x)dx

to obtain a solution of the form
G(y)=H(Xx)+C
3. We list the entire constant and the non-constant solutions to avoid repetition..

4. If you are given an IVP, use the initial condition to find the particular solution.

Note that:
(@) No need to use two constants of integration becauseC, —C, =C..

(b) The constants of integration may be relabeled in a convenient way.
(c) Since a particular solution may coincide with a constant solution, step 3 is
important.

Example 1:
Find the particular solution of
d 21
e Y=
X X

Solution:
1. By solving the equation
y?-1=0
We obtain the constant solutions
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3-Separable Equations VU

y==+1
2. Rewrite the equation as
dy  dx
y2-1 X
Resolving into partial fractions and integrating, we obtain
1Hi_i}dyzpdx
2)|y-1 y+1 X

Integration of rational functions, we get

L=ty ke
2 |y+1|
3. The solutions to the given differential equation are
L= x4c
2 |y+1|
y = =1

4. Since the constant solutions do not satisfy the initial condition, we plug in the
condition

y =2 When x =1 inthe solution found in step 2 to find the value of C .

2 3

The above implicit solution can be rewritten in an explicit form as:
3+ x?
3-x°

Example 2:
Solve the differential equation

dy =1+ iz
dt y
Solution:

1. We find roots of the equation to find constant solutions

1
1+—2:0

y
No constant solutions exist because the equation has no real roots.
2. For non-constant solutions, we separate the variables and integrate

dy
——=|dt
Jl+1/y2 -[

Si 1 y' g1
ince = =1-
1+1/y*  y*+1 y>+1

10
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3-Separable Equations VU

dy 1
————=Yy—tan
Thus J1+1/y2 y (y)
So that y—tan'(y)=t+C

It is not easy to find the solution in an explicit form i.e. Y as a function of t.
3. Since 3 no constant solutions, all solutions are given by the implicit equation

found
in step 2.
Example 3:
Solve the initial value problem
d
d_il =1+t* +y* +t%y?%, y(0)=1
Solution:
1. Since 1+t2 +y? +t2y? = (1+t°)1+y?)
The equation is separable & has no constant solutions because 3 no real roots of

1+y? =0,

2. For non-constant solutions we separate the variables and integrate.

Y @rt2)at
1+y

Jlfzﬂ = [(+t)dt

3

tan " (y) =t+%+C

t3
y =tan(t+§+cj

3. Since 3 no constant solutions, all solutions are given by the implicit or explicit
equation.

Which can be written as

4. The initial condition y(0) =1 gives

V4
C=tan"'() ==
@) 1

The particular solution to the initial value problem is
] ts T

tan~(y) =t+—+—

3 4

. .. t*
or in the explicit form y =tan ‘[+§+Z

11

© Copyright Virtual University of Pakistan



3-Separable Equations VU

Example 4:

Solve
(L+x)dy — ydx =0

Solution:

Dividing with (1+ )y, we can write the given equation as
dy__y
dx  (1+x)

1. The only constant solutionis Y =0

2. For non-constant solution we separate the variables

dy dx
y 14X
Integrating both sides, we have
dy ( dx
J v J1ex

In|y| = In[l+ X +c,
y = oINX+C _ Infl+x] (G,
or y =|1+xmq:=ieq@+x)

C
y=C(1+x), C=zxe?

If we use In | C | instead of C; then the solution can be written as
INn|yl=In|1+x]|+In|c|

or In|yl=Injc(+x)
So that y=c(l+Xx).
3. The solutions to the given equation are
y = c(l+x)
y =0
Example 5

12
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3-Separable Equations
Solve
xy*dx + (y2 + Z)e’SXdy =0.
Solution:
The differential equation can be written as
4
dy _ (_ XeSX) A
dx y2+2
4
1. Since Zy 5 — y =0. Therefore, the only constant solutionis Y = 0.
Y+
2. We separate the variables
2
y +2 « _ _
xe¥dx + 2 —dy=0 or xe’ dx+(y 242y 4)dy=0
Integrating, with use integration by parts by parts on the first term, yields
1 3x 1 3x -1 2 -3
—xe’—=e’ —y T ——y7T =cC
3 9 y 3 y 1
3x 9 6
e™(3x-1)=—+—+c where 9c,=c
y 'y
3. All the solutions are
e¥(3x—1)=—+—+c
y y’
y = 0
Example 6:
Solve the initial value problems
d d
@ =0~ yO=1 & J=(-1, y0=10
and compare the solutions.
Solutions:
1. Since (y —1)> =0 = y =1. Therefore, the only constant solution is y = 0.
2. We separate the variables
dy -2
=dx or(y-1)?dy = dx
(y-2)°
Integrating both sides we have
13
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3-Separable Equations VU

[(y-1) %y = fox

_1)y2+1
=0 e
-2+1
or —L—X+C
y-1
3. All the solutions of the equation are
S B
y-1
y =1

4. We plug in the conditions to find particular solutions of both the problems

(@) y(0)=1= y =1when x = 0. So we have

1 1
——=O+c:>c=—6:>0=—oo

The particular solution is

e y-1-0
y-1
So that the solution is Y = 1, which is same as constant solution.
(b) y(0)=1.01= y =1.01 when x=0.So we have

- =0+c=c=-100
1.01-1
So that solution of the problem is
—i: Xx-100 = y =1+
y-1 100 — x

5. Comparison: A radical change in the solutions of the differential equation has
Occurred corresponding to a very small change in the condition!!

Example 7:

Solve the initial value problems

gy _ ay (e _
(a) OIX_(y 1°+0.0, y(0)=1 (b) ™ (y-1-0.0, y(0)=1.

Solution:

(a) First consider the problem

dy 2

o (y-1°+0.01, y(0)=1
X

We separate the variables to find the non-constant solutions

14
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3-Separable Equations

dy
(\/TC)l)2 +(y-1)

Integrate both sides

=dx

dy-1) g
J(\/O_Ol)2 +(y -1y _jd

So that ! tan™ y—-1 =X+C

0.01 +/0.01

an ‘1(y0—._011j =/0.01(x +c)

yof_oll = tan[v/0.01(x + c)]

or y =1++0.01 tan \/0.01(X+C)J
Applying y(O) =1=y=1 when x=0, we have

tan(0)=+/0.01(0+¢c)=0=c

Thus the solution of the problem is

y =1++/0.01 tan(J0.0l x)

(b) Now consider the problem

dx
We separate the variables to find the non-constant solutions

dy =dx
(y-1)° ~(~o.01)
‘ d(y-1) =Idx
(y-1)° ~(~o.01)

1 |y 1- \/0_01|_

24001 "ly—1+ 001
Applying the condition y(O)—1:> y=1when x=0

Y (y—17-001 y(©) -1

15
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3-Separable Equations

! % %zc:c 0

nY ~1=V00L 5 501X
y—-1++/0.01
y—-1-+0.01 e?/00
y-1+4001 1

Simplification:

a ¢ a+b c+d

—_—— Yy — = —

b d a-b c-d
y-1-4001+y-1+001 2V00X 3
y—-1-40.01-y+1-4/0.01 2V0.01X _4

oy_2 2001 4

2001 2001 _4
y—1 02/001 ¢

~J0.01 o2J001_4
2-/0.01
e +1
y-1= VO-O{WMJ

2./0.01 +1J

—— e
N O'Ol[ezw/o.ml

By using the property

Comparison:

The solutions of both the problems are

@y=  1+4001 tan( 0.01 x)

2~/0.01 _|_1

Again a radical change has occurred corresponding to a very small in the differential

equation!

VU
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3-Separable Equations

Exercise:

Solve the given differential equation by separation of variables.

1 y_(2y+3J2
" dx  4x+5

2. sec® xdy+cscydx=0
3. e’sin2xdx+cos x(e2y - y)dy =0

dy ~ xy+3x-y-3
dx xy—-2x+4y-8

dy _xy+2y-x-2
dx xy—-3y+x-3

1 1

6. y(a—x2)ody=(4+y?)odx

7. (x+\/§)%:y+\/§

Solve the given differential equation subject to the indicated initial condition.

8. (e +1)sinxdx = (1+cosx)dy, y(0)=0
9. (1+ x4)dy+ x(1+4y2)dx:0, y(1)=0

1
10.  ydy= 4x(y2 + 1)5 dx y(0)=1

17
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4-Homogeneous Differential Equations
Lecture 4 Homogeneous Differential Equations
A differential equation of the form
dy
—=f(y)
dx
Is said to be homogeneous if the function f(x,y) is homogeneous, which means
n
f (tX,ty) =t'f (X1 Y) For some real number n, for any numbert .
Example 1
Determine whether the following functions are homogeneous
Xy
fxy)=—7"=
X" +y
g(x,y) = In(— 3y /(X + 4xy2))
Solution:
The functions f (X, y) is homogeneous because
t2
FOY) = 55 o = 5oy = F(X,Y)
t°(X“+y°) x°+y
Similarly, for the function g(X, y) we see that
—3t°x%y —3x%y
g(tx,ty) =In| o~ |=N —— [=9(X,y)
t°(x° +4xy°) X* + 4xy
Therefore, the second function is also homogeneous.
Hence the differential equations
dy
— = f (X,
3 T 0Y)
dy
—=g(xy)
dx
Are homogeneous differential equations
18
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4-Homogeneous Differential Equations VU

Method of Solution:

To solve the homogeneous differential equation

dy
— = f(x
” (X, Y)
We use the substitution
voY
X

If f(x,y)is homogeneous of degree zero, then we have

f(x,y)=f@Lv)=F()
Since y' = xv' + v, the differential equation becomes
x% +v=~1@Qv)
dx
This is a separable equation. We solve and go back to old variable y through Y = XV.

.........................................

Summary:

1. Identify the equation as homogeneous by checking f (tx,ty) =t" f (x,y);

2. Write out the substitutionv = % ;

3. Through easy differentiation, find the new equation satisfied by the new functionv ;
dv

Xx—+v="Ff@Qv
™ @v)

4. Solve the new equation (which is always separable) to find V ;

5. Go back to the old function y through the substitution Y = VX;

6. If we have an IVP, we need to use the initial condition to find the constant of
integration.

o Slnce we have to solve a separable equation, we must be careful about the

constant solutions.
o If the substitution y =vx does not reduce the equation to separable form then the

equatlon is not homogeneous or something is wrong along the way.

ﬂ_—2x+5y
dx 2X+Y

It is easy to check that the function

—2X+5
f(x,y)=——=>)

2X+Yy
is a homogeneous function.

19
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4-Homogeneous Differential Equations

v==>
X

. Differentiating w.r.t X , we obtain

, — 2X +5xv
XV +V=

—2+5v

2X 4+ XV

2+V

which gives

—2+5v

& _if
dx x\ 2+v

_Vj

This isa separable At this stage please refer to the CautionI

—4In|y-2x|+3In|y-x| = C
4= y3m 2= X‘ In|x|+c
X X
2] —x|
Y= +nf =Inx+Inc, c=Inc,
X | X |
_ -4 _ 3
In (y Xix) |+In 3X) |:Inc1x
In (y—ix) y X) |_Inc1x
X
(y=2x" (y-=x)°
e =C,X
x(y—2x)"(y—x)* =¢,x
(y-2x)"(y-x)’=c,

Note that the implicit equation can be rewritten as

(y—x)° =Cy(y - 2x)°

20
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4-Homogeneous Differential Equations VU

‘Equations reducible to homogenous form:

The differential equation

dy ax+by+c,
dx a,x+b,y+c,
is not homogenous. However, it can be reduced to a homogenous form as detailed below

b

a
Case1: =1
b,

a

2

We use the substitution iz = a,x + b,y which reduces the equation to a separable

equation in the variables X and Z . Solving the resulting separable equation and
replacing z witha, X + b,y , we obtain the solution of the given differential equation.

a b
Case 2;: — # —+

a'2 2

In this case we substitute

X=X +h, y=Y +k
Where h and K are constants to be determined. Then the equation becomes

dy aX+bY+ah+bk+c,
dX a,X+b,Y +a,h+b,k+c,

We choose hand K such that
ah+bk+c =0

a,h+bk+c, :O}

This reduces the equation to

dy a,X+bY

dX  a,X +b,Y

Which is homogenous differential equationin X andY , and can be solved accordingly.
After having solved the last equation we come back to the old variables X and Y .

.....................................

21
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4-Homogeneous Differential Equations
Solve the differential equation

dy 2x+3y-1

dx  2x+3y+2
Solution:

A b, .
Since — =1=— we substitute Z = 2X + 3y, so that
a?_ bZ

dy _ 1(% _ 2}

dx 3\dx
Thus the equation becomes

1(dz |- _2 -1

3\.dx Z+72
. dz —-z+7
ie. — =

dx. z+2
This is a variable separable form, and can be written as

Z+2
dz =dx
—-z+7

Integrating both sides we get

~72-9In(z-7)=x+A
Simplifying and replacing Z with2X + 3y, we obtain

—In(2x+3y-7)" =3x+3y+ A
or (2x+3y—-7)° =ce®™),  c=e"
Example 4
Solve the differential equation

22
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4-Homogeneous Differential Equations

dy (x+2y—4)

dx 2x+y-5
Solution:
By substitution

X=X +h, y=Y +k

The given differential equation reduces to

dY (X +2Y)+(h+2k-4)
dX  (2X +Y)+(2h+k—5)
We choose h and K such that

h+2k-4=0, 2h+k-5=0

Solving these equations we have:h = 2, k =1. Therefore, we have

dy X +2Y
dX 2X+Y
This is a homogenous equation. We substitute Y =VX to obtain
2
Xd—V:1 v or {ZJFVZ}dV:d—X
dX 2+V 1-V X

Resolving into partial fractions and integrating both sides we obtain
210-V) 2(1+V) X

—gln(l—V)+%ln(1+V)= In X +In A

or

Simplifying and removing (In ) from both sides, we get

1-v)y/@+Vv)=CX? C=A"

© Copyright Virtual University of Pakistan



4-Homogeneous Differential Equations

—gln(l—v)+%ln(l+v):lnx +InA

INA-V) 72 +In(1+V )2 = In XA
In1-V) 72 (1+V )2 =In XA
@-V)72(1+V)2 = XA

taking power "—2"onboth sides
@-V) (1+V) " =X2A"

Y
utv =—
P X

-1
a—if@+1j =X 2A?
X X

(X—YT[X+Y)12X2A2
X X

(X-Y)
X+Y
say,c =A™

3
(X=Y) _,
X+Y
put X =x-2,Y=y-1
(x+y-1)°/x+y-3=c

X —3+1 — X -2 A72

Y

Now substitutingV =— , X =x—-2,Y =y -1

X

(x—y-1°*/(x+y-3)=C

and simplifying, we obtain

This is solution of the given differential equation, an implicit one.

Exercise

Solve the following Differential Equations

1.i(x* +y*)dx—2x’ydy =0

2
2.yzl+x—2+1
dx x vy

-y
3. {xze X 4 szdx = xydy

24
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4-Homogeneous Differential Equations

4. ydx+£ycos§ - xjdy =0

5. (x3 +yi X2 +y? )jx—xywlx2 +y’dy=0

Solve the initial value problems

6.(3x2 +9xy+5y2)dx—(6x2 +4xy)dy=0, y(2) =6

7. (X+M)ﬂ=y, y(ijzl

dx 2
8. (x+ yey’x)dx—xey’xdyzo, y1) =0
9. ﬂ—izcoshl, y@@) =0
dx x X

25
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5-Exact Differential Equations VU

Lecture 5 Exact Differential Equations

Let us first rewrite the given differential equation

dy
— = f (X,
™ (X,Y)

into the alternative form

M (X, y)dx+ N(x,y)dy=0 where f(x,y)= _Mxy)

N (X, y)
This equation is an exact differential equation if the following condition is satisfied
M _oN
oy  OX

This condition of exactness insures the existence of a function F(X,y) such that

OF oF
&—M(x,y),a—N(x,y)

‘Method of Solution:
If the given equation is exact then the solution procedure consists of the following steps:

R , oM  ON
Step 1. Check that the equation is exact by verifying the condition _8y = &
— , oF
Step 2.. Write down the system ™ =M(X,Y), 2_': =N(x,Y)

y

.......................

equation then

F(x.y) = [M(x, y)dx+6(y)

The function €(y) is an arbitrary function of Y, integration w.r.to X; Y being
constant.

[t

oo
oy oy
O =NGx Y~ 2 M y)ox

(™ y)dx)+0(y) = N, y)

All the solutions are given by the implicit equation
F(x,y)=C
- If you are given an IVP, plug in the initial condition to find the constant C.
‘Caution: | X should disappear from &'(y) . Otherwise something is wrong!

vl thuubetes

26
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.......................................

...................................

Solve (3x2y + 2)dx + (x3 + y)dy =0

M =3x’y+2 and N=x>+y

M _ax2, N _ gy
oy OX

. oM  ON

ie. —=—
oy  oX

Hence the equation is exact. The LHS of the equation must be an exact differential i.e. 3

a function f (X, y)such that

i:3x2y+2:M
OX

ﬂ=x3+y=N
oy

Integrating 1% of these equations w. r. t. x, have

f(x,y)=x%y+2x+h(y),

where h(y)is the constant of integration. Differentiating the above equation w. r. t. y and

using 2nd, we obtain

Comparing §_h'(y) =y is independent of x.

or.

Integrating, we have

2

h(y) =2

2

Thus f(x,y):x3y+2x+y7

Hence the general solution of the given equation is given by

27
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2

ie. x3y+2x+y7:c

Note that we could start with the 2™ equation

ﬂ=x3+y=N
oy

to reach on the above solution of the given equation!

.......................................

...................................

Solve the initial value problem

(2ysin xcosx + y? sin xJdx + (sin® x— 2y cos x Jdy = 0.

M = 2ysinxcosx + y’sin x

and N =sin’ x—2ycosx
ﬁ = 2sin XCos X + 2ysin X,
@ = 2siN XCOoSX + 2ysin X,
OX

This implies ﬂz@
oy  OXx

Thus given equation is exact.

Hence there exists a function f (x, y) such that

(;i =2ysinxcosx+ y’sinx=M
X

a =sin®x-2ycosx=N

Integrating 1% of these w. r. t. x, we have

f(x,y) =ysin® x—y?cosx+h(y),

Differentiating this equation w. r. t. y substituting in % =N

28
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5-Exact Differential Equations

sin® x —2ycosx + h’(y) =sin® x — 2y cos x

h'(y)=0 or h(y)=c,

Hence the general solution of the given equation is

i.e.

f(xy)=c,

o) 2
ysin®x—y“cosx=C, where C=c, —c,

Applying the initial condition that when x =0, y = 3, we have

since

-9=c¢

y?cosx—ysin®x=9

is the required solution.

Solve the DE

Solution:

(ezy —ycos xy)dx+(2xe2y —XCOSXY + Zy)dy =0

The equation is neither separable nor homogenous.

Since,

and

M (x,y)=e? —ycosxy
N(x,y)=2xe?’ —xcosxy + 2y

oM 2 . oN
— =2e"” +xysin xy—cosxyza—
X

Hence the given equation is exact and a function f (x,y) exist for which

M (X, y)=% and N(x, y):%

which means that

a
OX

=e?” —ycosxy and %:2xe2y—xcosxy+2y

Let us start with the second equation i.e.

a_ 2xe®) — XCcosxy + 2y

Integrating both sides w.r.to y, we obtain

f(x,y)= 2xIe2ydy — xJcosxydy + 2] ydy

Note that while integrating w.r.to y, X istreated as constant. Therefore
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5-Exact Differential Equations
f(x,y)=xe® —sinxy +y® +h(x)
hisan arbitrary function of x . From this equation we obtain ? and equate itto M
X
af _ e2y hr A
o 8 T ycosxy+ (x)=e® —ycosxy
So that h'(x)=0=h(x)=C
Hence a one-parameter family of solution is given by
xe? —sinxy+y*+c=0
Example 4
Solve 2Xy dX+(X2 —1)dy =0
Solution:
Clearly M(x,y)=2xy and N(x,y)=x*-1
Therefore ™M =2X= N
oy OX
The equation is exact and 3 a function f(x,y) such that
of
i=2xy and —=x"-1
OX oy
We integrate first of these equations to obtain.
f(xy)=x*y+g(y)
Here g(y) is an arbitrary function y . We find % and equate it to N(x, y)
of
—=x"+g'(y)=x"-1
oy
g'(y)=-1=g(y)=-vy
Constant of integration need not to be included as the solution is given by
f(x,y)=c
30
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Hence a one-parameter family of solutions is given by
x’y—y=c
Example 5
Solve the initial value problem
(cosxsin X — xyz)dx+ y(l— xz)dy =0, y(O) =2
Solution;
M (X,y) =cosx.sin X — X y?
Since )
N(xy) = yl-x?)
oy OX
Therefore the equation is exact and 3 a function f(x,y) such that
af - 2 af 2
— =CO0SX.SIN X—X and —=Yy(@d-Xx
x y Y y(1—x%)
Now integrating 2™ of these equations w.r.t. * Y’ keeping * X constant, we obtain
2
f(x,y)= y7(1— x? )+ h(x)
Differentiate w.r.t. * X * and equate the result to M (X, Y)
of :
P —xy? +h'(x) = cosxsin x — xy?
X
The last equation implies that.
h'(x) = cos xsin x
Integrating w.r.to X, we obtain
. 1
h(x)= —I(cosx)(—sm X Jdx = —5c0s" X
Thus a one parameter family solutions of the given differential equation is
2
y 2y 1 2
—1-x“)-—=cos" x=c
2 ( ) 2 1
or
31
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y?(1—x?)—cos?x =c

where 2C,; has been replaced by C. The initial condition y =2 when x =0 demand, that

4(1)-cos®(0)=csothat c=3. Thus the solution of the initial value problem is

yz(l— xz)—cos2 X=3

32
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Determine whether the given equations is exact. If so, please solve.

1. i(siny—ysinx)dx +(cosx + xcos y)dy = 0

2. (1+ In x +%]dx = (1-In x)dy

3. (yln y—e‘xy)dx+(1+ln yjdy =0
y

4, (2y—1+0053xjﬂ+%—4x3 +3ysin3x=0
X dx x

1 1 y X
5. | =+—=- dx+| ye¥ + dy=0
[x x2 x2+y2j (y x2+y2J y

Solve the given differential equations subject to indicated initial conditions.

6. (eX +y)dx+(2+x+ yey)dy=0, y(0) =1

3y?—x*\dy x
7. —+ =0, =1
y® de 2y* o

2

1+y

+cosx—2ny%= y(y +sin x), y(0)=1

9. Find the value of k, so that the given differential equation is exact.
(2xy* —ysinxy +ky* ) dx—(20x° +xsin xy)dy =0

10. (6xy3 +cosy)dx— (kxzy2 —xsin y)dy =0

33
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6-Integrating Factor Technique

Lecture 6 Integrating Factor Technique

If the equation

M (X, y)dx+ N(x,y)dy =0

is not exact, then we must have

oM  ON
[ ¢ JR—
oy  OX

u(x, yYM(x, y)dx+u(x, y)N(x,y)dy =0
becomes exact. The function u (X, y) (if it exists) is called the integrating factor (IF) and
it satisfies the equation due to the condition of exactness.

oM ou OoN ou
Zu+—M="-u+—N
oy OX OX

This is a partial differential equation and is very difficult to solve. Consequently, the
determination of the integrating factor is extremely difficult except for some special
cases:

Show that i1/(x* + y?)iis an integrating factor for the equation (x2 + y2 - x)dx— ydy =0,

and then solve the equation.

Solution: Since M=x*+y*-Xx, N=-y
Therefore ™M =2y, N =0
oy OX
soth oM . ON
that A, T AL
0 tha oy ox

and the equation is not exact. However, if the equation is multiplied by 1/(x* +y?) then

the equation becomes

X y
1- dx — dy=0
[ x2+y2j X% +y? y

Now M=1- X and N =- y

34
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Therefore oM = 2xy = oN

N (eey2f

So that this new equation is exact. The equation can be solved. However, it is simpler to

observe that the given equation can also written

xdx + ydy
——7 2 =0
X" +Yy

2 2
or d{x—ﬂxzi)}zo

Hence, by integration, we have

dx or dx—%d[ln(x2 +y2)]:0

Xx—Inyx*+y® =k

Case 1
When Jan integrating factor u (x), a function of X only. This happens if the expression
oM ©ON
oy  OX
N

is a function of x only.
Then the integrating factor u(x,y) is given by

oM ON

de

u=exp N

...........................

N _oM
ox oy
M
isa function of Y only. Then IF u(x,y) is given by
N _oM
oX oy
u=exp| | ————d
P M y

...........................
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XM +yN =0
1
Then u= M VN YN
Case 4:

If the given equation is of the form
yf (xy)dx + xg(xy)dy =0
and XM - yN + O

Then u — 1
XM — yN

Once the IF is found, we multiply the old equation by u to get a new one, which is exact.

Solve the exact equation and write the solution.

‘Advice: If possible, we should check whether or not the new equation is exact?:

Summary:

passeeeseasassanasannang

.......................

M (X, y)dx+ N(x,y)dy =0

provided the equation is not already in this form and determine M and N .

M _oN
oy oX

oM ©ON

oy OX
N

If this expression is a function of X only, then
oM oN

de
N

u(x) =exp

Otherwise, evaluate

oN oM

ox oy

M
If this expression is a function of y only, then
oN oM

u(y) =exp J%dy

36
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In the absence of these 2 possibilities, better use some other technique. However, we
could also try cases 3 and 4 in step 4 and 5

.........................

XM + yN =0
If h U—#
yes then XM + yN

.......................

yf (xy)dx +xg(xy)dy =0
and whether XM —yN =0

1
XM — yN

If yes then u=

Solve the differential equation

dy  3xy+y’
dx X% + Xy

Solution:
1. The given differential equation can be written in form

(Bxy + y?)dx + (x* + xy)dy =0

Therefore
M(X,y) =3xy +y°
N(X,Yy) = X*+ Xy
2. Now ﬂ:3x+2y,@:2x+y.
oy OX
oM _ N
oy  OX

37
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oM  oON

oy ox _
N

1

X

which is a function of x only.
4.Therefore, an IF u (x) exists and is given by

1

—dx
u(x) = ejX =e"™ = x

5. Multiplying the given equation with the IF, we obtain

(3x%y + xy?)dx + (x* + x*y)dy =0

which is exact. (Please check!)

6. This step consists of solving this last exact differential equation.

38
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Solution of new exact equation::

oM oN

1. Since — =3x* + 2xy = x the equation is exact.
2. We find F (x, y) by solving the system
(Z—I):( =3x%y +xy?
F sy x2y.

3. We integrate the first equation to get

2

X
F(x,y)=x3y+7y2+9(y)

obtain

%zx3 +X°y+0'(y) = x* +x°y

— &' =0 No dependence on x.
5. Integrating the last equation to obtain @ = C | Therefore, the function | F (X, Y)

S

2
F(><,y)=><3y+x7y2

We don't have to keep the constant C, see next step

6. All the solutions are given by the implicit equation : F (X, y)=Clie.

2.,2
x‘?’y+X2y =C

Note that it can be verified that the function

1
uxy) = 2xy(2X +Y)

is another integrating factor for the same equation as the new equation

2 1 2
3Xy + dx + X5 +xy)dy =0
2Xy(2X + y)( YY) 2Xy(2X + y)( xy)dy

is exact. This means that we may not have uniqueness of the integrating factor.

.........................................
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(x2 —2X+ 2y2)dx +2xydy =0

Solution:
M = x> — 2x+ 2y?
N = 2xy
ﬂ — 4y’@ — 2y
oy OX
oM ON
S—E—
oy  OXx
The equation is not exact.
M, —N _
Here e _Ay-2y 1
N 2Xy X
Therefore, I.F. is given by
u= exp( dej
X
U=X
~ LFisx.

Multiplying the equation by x, we have

(x3 —2x% + 2xy2)dx+ 2x?ydy =0

This equation is exact. The required Solution is

x*o2x* L,
TR

3x* —8x* +12x°y* =¢
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Solve

dx+[§—sin yjdy =0

Solution:

Here

Now

Therefore, the IF is

U(y)zemfd—Jzy

Multiplying the equation by y, we have

ydx + (x—ysiny)dy =0

or ydx + xdy — ysin ydy = 0.

or .d(xy) — ysin ydy =0

Integrating, we have

Xy +ycosy—siny=c

‘Which is the required solution..

.......................................

(xzy— 2xy2 )jx—(x3 —3x2y)dy =0

Solution: Comparing with

41
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. Mdx+ Ndy =0

we see that

M= x2y — 2xy2 and N= —(x3 —3x2y)
Since both M and N are homogeneous. Therefore, the given equation is homogeneous.
Now

XM + yN = x3y—2x2y2 —x3y+3x2y2 = x2y2 #0

Hence, the factor u is given by

1 1
U= U= N
Xy XM + yN

Multiplying the given equation with the integrating factor u, we obtain.

(i—gjdx— %—E dy=0
y X ye vy

Now
le—z and N:_—;(+§
y X y y
and therefore
oM 1 ON
oy oy o

Therefore, the new equation is exact and solution of this new equation is given by

X _2In|x|+3n|y|=C
y

Solve y(xy+2x2y2)1|x+ x(xy—xzyz)dyzo
Solution:
The given equation is of the form

yf (xy)dx + xg(xy)dy =0

Now comparing with

. Mdx+ Ndy =0

We see that

M :y(xy+2x2y2) and N=x(xy—x2y2)

Further

42
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XM —yN = x2y2 +2x3y3 —x2y2 +x3y3

= 3x3y3 = 0
Therefore, the integrating factor u is
1 1
U=r303 U=
3X7y XM — yN

Now multiplying the given equation by the integrating factor, we obtain

Y1 2, 21 1)y g
3 x°y x 3 xy® vy

Therefore, solutions of the given differential equation are given by

_ L o omx|=m|yleC
xy

where 3Cy=C

Exercise
Solve by finding an I.F

1. xb(s\( + Sx) = xby — ybx

y —sin X
X

A 2y)dx+(xy3 +2y* —4x)dy =0

(
4, (x2 + yz)dx+ 2xydy =0

2. dy+ dx=0

5. (4x + 3y2)dx +2xydy =0

6. (3x2y* +2xy)x+ (2x3y* Jdy = 0

7. ﬂzezx +y-1
dx

8. (3xy+y?Jx+(x? +xy)dy =0
9. ydx+(2xy—e‘2y)dy=0

10.(x + 2)sin ydx + x cos ydy = 0
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Lecture 7 First Order Linear Equations

The differential equation of the form:

a(x)% +b(x)y =c(x)

is a linear differential equation of first order. The equation can be rewritten in the
following famous form.

% p(x)y = q(x)
X

where p(X) and q(X) are continuous functions.

Method of solution:
The general solution of the first order linear differential equation is given by

_Ju()g(x)dx+C
- u(x)
Where U(x) = exp (] p(x)dx)

The function U(X) is called the integrating factor. If it is an I\VP then use it to find the
constant C.

Summary:

1. Identify that the equation is 1 order linear equation. Rewrite it in the form

& pdy =a(
X

if the equation is not already in this form.
2. Find the integrating factor

u(x) = eI POO

3. Write down the general solution

_[ u(x)q(x)dx+C
u(x)

4. If you are given an IVP, use the initial condition to find the constant C.

y:

5. Plug in the calculated value to write the particular solution of the problem.

Example 1:

Solve the initial value problem
44
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Solution:

y' +tan(x)y = cos®(x),

y(0)=2

1.The equation is already in the standard form

with

2. Since

dy

5 POy =0a(x)
X

p(x) = tan x

q(X) = cos’X

[ tan x dx = —In cos x = In sec x

Therefore, the integrating factor is given by

3. Further, because

tan x dx

u(x) = e/ = Secx

Isecxcosz Xdx = Icosx dx =sin x

So that the general solution is given by

sinx+C :
y=>———=(sin x+C)cosx
Secx

4. We use the initial condition Y(0) = 2 to find the value of the constant C

y(0)=C=2

5. Therefore the solution of the initial value problem is

Example 2: Solve the IVP

Solution:

y = (sin x +2)cos x

dy 2t y =
dt 1+t27  1+t?’

y(0)=0.4

1.The given equation is a 1* order linear and is already in the requisite form

45
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dy

4 TPy =a(x)

2t

1412
2

1+1t2

H— thjdtz—ln|1+t2|
1+t

Therefore, the integrating factor is given by

p(t) =~

with

q(t) =

2. Since

_27"2 dt
1+t

u(t) =eJ =(1+t*)"

3. Hence, the general solution is given by

) j u(t)g(t)dt + C
- u(t)

Jumanat :J

——dt
(1+1%)?

(2

Now

(L+12)?

(.

2 ;2 2
dt:2 l_i_t—ztzdtzz 12— t22dt
@+t 1+t°  (Q+t°)

The first integral is clearly tan™"t . For the 2™ we will use integration by parts

with t as first function and 2 (1+t2)2 as 2™ function.

2
L“dt:t(— 12j+f 12dt:— tz
1+t°) 1+t 1+t 1+t

+tan™'(t)

J%dt=2tan-l(t)+ t
Q+t°) 1+t

-1 -1
- —tan™(t) = tan~ () +

1+t2

The general solution is:
g 1+t2

y=(1+t2)(tan'1(t)+

4. The condition y(0) = 0.4 gives C=0.4

rc]

5. Therefore, solution to the initial value problem can be written as:

y=t+(L+t*)tan"(t) + 0.4(1+1?)

Example 3:

Find the solution to the problem

cos’tsint.y’ =—cos’t.y+1, y(%)

0

Solution:
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1. The equation is 1% order linear and is not in the standard form

Therefore we rewrite the equation as

dy
dx

+p(x)y =q(x)

!

cos t

1

sint

Y o tsint

2. Hence, the integrating factor is given by

u(t):(Jsint

cost

:eln|s'nt|=sint

3. Therefore, the general solution is given by

Since

. 1
JSII’] tzidt‘f‘c
cos“tsint

y:

sint

Jsint%dtzj 12 dt =tant
cost sint cos"t

Therefore

_tant+C 1 C

- = +—
sint cost sint

=sect+Ccsct

(1) The initial condition y(7z/4) =0 implies

which gives C =-1.

J2+cyd2=0

(2) Therefore, the particular solution to the initial value problem is

Example 4

Solve

Solution:
We have

y =sect —csct

(x+2y3)&= y

dy

dy_ Y

dx

X+2y°

47
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This equation is not linear in y . Letusregard X as dependent variable and y as
independent variable. The equation may be written as

dx  x+2y°
dy y

or %—EX:ZyZ
dy 'y

Which is linear in x

e

Multiplying with the IF = l we get
y

Integrating, we have

is the required solution.
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Example 5
Solve
(x—l)s%+4(x—l)2 y=x+1
Solution:

The equation can be rewritten as

ﬂ+ 4  x+1
dx x—ly_(x_l)?a
4
Here P(X):—.
x—1

Therefore, an integrating factor of the given equation is

IF =exp Ui’iﬂ = exp [In(x—1)4]= (x-1)"

Multiplying the given equation by the IF, we get

(x—1)* %+4(x—1)3y =x%-1

or %[y(x—l)“']z x2 -1

Integrating both sides, we obtain

. X
) (AN
y(x—1) 3 X+HC

which is the required solution.
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Exercise

Solve the following differential equations

n ﬂ+(2x+ljy e

dx X
2. ﬂ+3y =3x%e ¥
dx
3 xﬂ+(1+xcotx)y=x
L

dy X n+1
4, 1)——-ny= 1
(x+ )dx ny =e*(x+1)

1
(1+ x2)2

5. (1+ xz)%+4xy =

0. £+ rsecd = cosd
do

-2X
ﬂ+ _1-e
dx e*

=X

+€

8. dx= (3ey - 2x)dy

Solve the initial value problems

9. % =2y +x(e¥ —e*)  y(0)=2

10. x(2+ x)%+ 20+ x)y =1+3x*, y(-1)=1
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Lecture 8 Bernoulli Equations

A differential equation that can be written in the form
dy
dx

+p(X)y =q(x)y"

is called Bernoulli equation.
Method of solution:

For N = 0,1the equation reduces to 1% order linear DE and can be solved accordingly.

n
For N # 0,1 we divide the equation with Y to write it in the form
o dy
dx

y" 2+ p(x)y " =q(x)

and then put

Differentiating w.r.t. ‘x’, we obtain

Vi=@-n)y"y’

Therefore the equation becomes

% +@-n)p(x)v =(2—-n)q(x)
X

This is a linear equation satisfied by V . Once it is solved, you will obtain the function
1
(1-n)

y=v

If n>1, then we add the solution y =0 to the solutions found the above technique.
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Summary:
1.1dentify the equation

dy

ot P(X)y = a(x)y"
X

as Bernoulli equation.
Find n. If N = 0,1 divide by y"and substitute;

2. Through easy differentiation, find the new equation

% +(@—n) p(x)v = (L-n)q(x)
X

3. Thisis a linear equation. Solve the linear equation to find v.

y — V%l_n) .

4. Go back to the old function y through the substitution

6. 1f n>1, then include y = 0 to in the solution.

7. 1f you have an IVVP, use the initial condition to find the particular solution.

dy 3
Example 1: Solve the equation X =y+ty

Solution:
1. The given differential can be written as

dy 3
dx y=y

which is a Bernoulli equation with
p(x)=-1,q(x) =1, n=3.

Dividing with y*we get

dy

—v?=1
dx y

y—3

Therefore we substitute

2. Differentiating w.r.t. ‘x” we have
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So that the equation reduces to

3. Thisisa linear equation. To so

ady 1

dx 2
ﬂ+2v:—2
dx

Ive this we find the integrating factor u(x)

U(X) :eIde _

er

The solution of the linear equation is given by

Since

Therefore, the solution for V is given by

4. Togo back toy we substitute iy, — y—2.

DE is

5. Since n >1 we include the i Y = Oiin the solutions. Hence, all solutions are

Example 2:

ju(x)q(x)dx+c jeZX 2)dx+¢
(X) e2x
62" (—2)dx = —e**
_ Aa2X
B

y = i(Ce‘2X

1

_ 1)‘5

, y =+(Ce™*

~1) %

Solve

dy
- X
dx+xy y

Solution: In the given equation we identify

Thus the substitution W=

P(x)

< |~

, q(x)=x and n=2,

y ' gives

dwl

dx X

w=-X.

The integrating factor fo

r this linear equation is

_de
X:

=Infx| _

eln\x\’1

:X_

Hence

(;jx [x‘lw]

Integrating this latter for

m, we get

Therefore the general solution of the given
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8-Bernoulli Equations

Since

w=y

X TW=—X+C or W=—x>+CX.
) 1
, We obtainy =—or
W
B 1
—x% +cx

For n >0 the trivial solution y =0 is a solution of the given equation. In this example,
y =0 isa singular solution of the given equation.

Example 3:

Solve:

ﬂﬂLi
dx 1—x?

N[

1

Solution: Dividing (1) by yE , the given equation becomes

Put

Then (2) reduces to

;ldy X 1
Ve i
1 1
y2—vor sy W _V
2 dx dx
dv X X
—+ V=—
dx 20-x?) 2

This is linear in V.

I.LF = exp[fﬂli(?)dx} = exp[:llln(l— xz)] = (1— x? )7

-1

Multiplying (3) by

or

-1

ﬁ—xﬂf,

Integrating, we have

1)

()

3)
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VU

or

or

is the required solution.
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8-Bernoulli Equations VU

Exercise

Solve the following differential equations

1 xﬂ+y:y2Inx
dx
dy 3
=4+ y=X
2 dx y =Xy
dy X.,2
= —y=¢
3 dx y y
dy 3
o i—=—=ylxy" -1
‘ dx y(y )
dy 2
o X—=—-1+Xx)y=x
s X (L+x)y =xy
6. x2ﬂ+y2:xy
dx

Solve the initial-value problems

o dy 4
Y ogyo3vt y()=
X —2xy =3y y(1)

d
o y1/2d_§Jr y3/2 —1 y(0)=4

10. Z—ZX—
X
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8-Bernoulli Equations

o Sometimes a differential equation can be transformed by means of a substitution
into a form that could then be solved by one of the standard methods i.e. Methods
used to solve separable, homogeneous, exact, linear, and Bernoulli’s differential

equation.

o An equation may look different from any of those that we have studied in the
previous lectures, but through a sensible change of variables perhaps an

SUBSTITUTIONS

apparently difficult problem may be readily solved.

o Although no firm rules can be given on the basis of which these substitution could
be selected, a working axiom might be: Try something! It sometimes pays to be

clever.

Example 1

The differential equation

is not separable, not homogeneous, not exact, not linear, and not Bernoulli.
However, if we stare at the equation long enough, we might be prompted to try the

substitution

Since

y(L+ 2xy)dx + x(1—2xy)dy = 0

u
u=2xy or y=—
2X

dy = xdu —udx
2x?

The equation becomes, after we simplify

we obtain

2u2dx + (1—u)xdu = 0.

2In|Y —u™ —Inju=c

VU
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8-Bernoulli Equations

where €°was replaced by C; . We can also replace 2¢, by Co if desired

Note that

The differential equation in the example possesses the trivial solution Y = 0, but then
this function is not included in the one-parameter family of solution.

Example 2
Solve

2xyy+ 2y? =3x—6.

dx
Solution:
2 y Y

The presence of the term YE promptsustotry U =Y
Since

du d

[ 2y_y

dx dx
Therefore, the equation becomes
Now xd—u+2u=3x—6

dx

or du n 2 u=3— 6

dx x X
This equation has the form of 1* order linear differential equation

d

1Py =Q(¥)

dx

6

with P(x) zé and Q(x) = 3—;
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8-Bernoulli Equations

Therefore, the integrating factor of the equation is given by

2
I.F= ejxdx :e'”X2 = X°

Multiplying with the IF gives

%[xzu]: 3x* —6x

Integrating both sides, we obtain

x2u=x3-3x% +c¢

or x2y? =x3-3x% +c.
Example 3
Solve
dy X y/x
7 y —
dx y
Solution:
If we let
uY
X

Then the given differential equation can be simplified to

ue— Ydu =dx
Integrating both sides, we have
Jue_ Udu = de

Using the integration by parts on LHS, we have

—ue Y_eUoxic

or

u+l=(c - X)eu Where ¢,=-¢

We then re-substitute

DY
X

and simplify to obtain

y+x:x(cl—x)eylx

Example 4

59
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8-Bernoulli Equations

Solve
2 2
M =2X ﬂ
dx? dx
Solution:
If we let
= y’
Then
du/dx=y"
Then, the equation reduces to
du
— =2xu?
dx
Which is separable form. Separating the variables, we obtain
du
— = 2xdx
u

Integrating both sides yields

Iu_zdu =I2xdx

or —ut=x%+ 012
The constant is written as ¢’ for convenience.
Since ut=1/y
dy 1
Therefore VT T
dx  x°+cf
dx
or dy == 2 2
X“ +¢f
dx
Jay= _J 2 2
X" +¢g
4 X
y+c, =——tan" —
1 C,
Exercise

Solve the differential equations by using an appropriate substitution.
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8-Bernoulli Equations

1. ydx + (1+ ye*)dy =0
2 (2+e/Y Jdx+20—x/ y)dy =0
dy
3. 2xcsc2y — = 2x—In (tany)
dx
a. W1 sinxe )
dx
5 yﬂ+2xlnx:xey
dx
6. x2ﬂ+2xy:x4y2 +1
dx
7. xeV W2y — 2
dx
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9-Practice Examples

Lecture 9 Practice Examples

2 2
Example 1: y'= X Ty

Xy
2 2
Solution: dy: X Ty
dx Xy
put y=wx then dy =wW+X aw
dx X
dw  X*+w?°x® _ 1+w?
W+HX —— = =
X XXW W
dw 1
WH+HX —= — +W
dx w
wdw= d_X
X

Integrating

2
=Inx+Inc

2

y
2x°
y? =2x?In|xc]|

=In|xc|
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dy _ (ZJ_ )

Example 2: —=
P dx

dy (2\/_ )

Solution: —ZL=

put y=wx

dw _ (2 XWX -XW)
dx

WX

X
W+xd—W:2«/W -W
x — —2\/_ 2W

dw _ d_x
2(Jw-w) X
J dw  _ d_X

2(Jw-w)

dw _rdx
Fadman x
put  Jw=t

1 dx

We getj‘ﬁdt:_f?
-In|1-t|=In|x|+In|c|
-In|1-t|=In|xc|
(1-t)*=xc
(1-w)*=xc
(1-/y/x) " =xc
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Example 3: (2y?*x-3)dx+(2yx? +4)dy=0
Solution:(2y®x-3)dx+(2yx? +4)dy=0

Here M=(2y?*x-3) and N=(2yx?+4)
1\ =<
Tf L

— =(2y?x-3) and — =(2yx*+4)
T Ty

Integrate w.r.t. X'
f(X,y)=x?y?-3x+h(y)
Differentiate w.r.t. 'y’
hILE =2x?y+h'(y)=2x?y+4=N
Ty
h'(y)=4
Integrate w.r.t. 'y’
h(y)=4y+c
X?y?-3x+4y=C,

2

d 2xyet)

Example 4: L S yz -
dx y2 +y2e(x/y) +2X2e(x/y)

) dx yz _I_yze(x/y)2 +2X2e(x/y)2
Solution: —= .

dy 2xye®
put x/y=w

Aftersubsitution

dw _ 1+e"
dy 2we"
dy _ 2we"’
7 e
Integrating

dw

Inly|=In|1+e" |+Inc
Inly|=Injc(1+e""))|

y=c(1+e®"")
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9-Practice Examples

2
Example 5: dy T A 32

dx xInx Inx

2
Solution:; d_y + Y - 3L

dx  xInx  Inx
dy 1 3x?

T y="

dx xInx Inx
3x?

1
p(X)=—— and qg(x)=—
xInx Inx

I.F=exp(Iﬁdx)=lnx

Multiply both side by Inx

Inxd—y+£y:3x2
dx X

a4 (yInx)=3x"
dx

Integrate
ylnx= ﬁ +C
3
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Example 6: (y?e* +2xy)dx-x*dy=0
Solution:Here M=y®e* +2xy  N=-x*

M:Zye" +2X, M:—2x
Ty fix
Clearly M, IN

Ty 1x

The given equation is not exact
divide the equation by y* to make it exact

Now IM __ 2x _ IN
Ty y 1Ix
Equation is exact
2
E:|:ex+2_x:| E:|:_X_2:|
x y Ty y

Integrate w.r.t. X'
2

f(x.y)=e*+ -
y
2

X
e*+—=c

y
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Example 7:

XCOSX g—y +y(Xsinx+cosx)=1
X

Solution: xcosx g_y +y(Xsinx+cosx)=1
X

dy [ xsinx+cosx } 1

—+y =

dx ~|  Xcosx XCOSX

dy +y[tanx+1/x|= 1

dx ~- XCOSX

I.LF = exp( _[ (tanx+1/x)dx)=xsecx

XSecxX dy +yxsecx [ tanx+1/x | = Xoeex
dx XCOSX

dy 2
xsecx — +y [ xsecxtanx+secx | =sec”x

dx
dix [ xysecx|=sec’x

Xysecx=tanx+c
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Example 8: xe® d_y+ezy:|n_x
dx X
Solution: xe® d_y+ezy:|n_X
dx X
put e2y =u
262y d—y:d_u
dx dx
X du Inx
——+y=—
2 dx X
d—u+gu:2|n_z(
dx X X

Inx

Here p(x)=2/x And Q(X)=—

| F=exp([ 2 dx)=x?
X

X d_u +2xu=2Inx
dx

d

(x*u)=2Inx
Integrate
x*u=2[xInx-x]+c

XZeZy :2[X|nX—X]+c

X2
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Example 9: dy +ylny=ye
dx

X

Solution: dy +ylny=ye”
dx

ld_y+|ny:eX
y dx

put Iny=u

Integrate
2X

e*.u= +C
2X

e”lny= +C
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9-Practice Examples

dy =2X-Intany

Example 10: 2xcsc2y —==
dx

Solution:2xcsc2y j—y =2X-Intany
X

put Intany=u

dy =sinycosy du
dx dx
2xsinycosy du _

2sinycosy dx

2X-U

X d_u =2X-U
dx

d_u+£u:2
dx X

I.F =exp( J' 1/xdx)=x

xd—u +U=2Xx
dx

d

— (Xu)=2x
dx
XU=x2+c
u=x+cx™

Intany=x+cx™

70
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Example 11:2—y +X+y+1=(x+y)’e*
X

Solution: g—y+x+y+1:(x+y)2e3x
X

Put x+y=u

d_u+u:u2e3x

dx

M ru=uze™ (Bernouli's)
dx

1 du 1 4

— 4+ =e

u® dx u
putl/u=w

I.F:exp(j -dx)=e™

X dW _We-x :_e2x
dx

.

d -X 2X
— (e W)=-e
I ( )

Integrate
2%

e”*w=

+C

1 _e3X

u

+ce”
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Example 12: g—y =(4x+y+1)°
X

Solution: dy =(4x+y+1)?
dx

put 4x+y+1=u

du=dx

u?+4
Integrate
1

~tant 2 =x+c
2

tan™ % =2X+C,

u=2tan(2x+c,)
AX+y+1=2tan(2x+c,)
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Example 13:(x+Yy)~ g—y =a”’
X

Solution: (x+y)2 &Y =52
dx
put Xx+y =u
du
uz (&Y _1y)=a2
(dx )
>, du

u® —-u®=a?
dx
2
u
du=dx
uz+a?
Integrate
2 2 2
-u”+a‘-a
du=|] dx
2
-~ a .
| (1—m)du—jdx

L u
u-atan™ — =x+c
a

X+
Y —X+C
a

(x+y)-atan™
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dy

Example 14: 2y —Z +x*+y” +x=0

dx
Solution: 2yd—y+x2 +y? +x=0
dx
put x*+y*=u
du-2x+u+x:0
dx
du
— +U=X
dx

|.F=Exp( j dx)=e*

du
e* d— +ue* =xe*
X

d X X
— (€ U)=Xe
” (e"u)

Integrating
e*u=xe"-e* +c

74
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Example 15:y +1=e*Ysinx
Solution: y +1=e*¥sinx
put x+y=u

du .
— =e""sinX
dx

%duzsinxdx
e

e"du=sinxdx
Integrate

e" =-cosx+cC
u=In|-cosx+c|
X+y=In|-cosx+c|
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Example 16: x*y’y'+x°y®=2x°-3
Solution: x*y?y'+x°y®=2x3-3

put x°y®=u

dy du

3x°y*+3x%y® = =——

Y Y dx dx
dy du

3x’y? = =—-3x°y°®

Y dx dx Y

ay2 dy _xdu 5 s
dx 3 dx

XU 533

3 dx

d—u:6x2—9/x

dx

Integrate

u=2x°>-9lnx+c
x3y®=2x°-9Inx+c
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Example 17:cos(x+y)dy=dx
Solution:cos(x+y)dy=dx

put x+y=v or 1+ d_y = d_v , we get

dx dx
cosv[d—V -1]1=1
dx

CcCOoSsV dv=[1- 1
1+cosv 1+cosv

dx= ]dv

dx=[1- = sec? ¥ 1dv
2 2
Integrate
\Y,
X+Cc=V-tan —
2

X+
X+Cc=v-tan Ty

77
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10-Applications of First Order Differential Equations

Lecture 10  Applications of First Order Differential Equations

of equations that describe the system adequately. This set of equations is called a Model
for the phenomenon. The basic steps in building such a model consist of the following
steps:

assumptions should describe the relationships among the quantities to be studied.

Step 2: iCompletely describe the parameters and variables to be used in the model:.

parameters and variables (from Step 2).

The mathematical models for physical phenomenon often lead to a differential equation
or a set of differential equations. The applications of the differential equations we will
discuss in next two lectures include:

o Orthogonal Trajectories.
Population dynamics.
Radioactive decay.
Newton’s Law of cooling.
Carbon dating.

Chemical reactions.

000000

etc.

‘arthogonal Trajectories

@-.We.know.that.that-the-solutions.of-a-1.order.differential-equation..e.d..separabile
& VVB-KNOWL-That- Thal- eSO O NS - OF- &4 OFASL--GLITerential-- 8 Uat O Ry 8.¢--separalt

equations, may be given by an implicit equation

F(x,y,C)=0
with 1 parameter C , which represents a family of curves. Member curves

can be obtained by fixing the parameter C. Similarly an n™ order DE will
yields an n-parameter family of curves/solutions.

F(X’ Y1C11C11""Cn)=0

o The question arises that whether or not we can turn the problem around: Starting
: with an n-parameter family of curves, can we find an associated n™ order
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10-Applications of First Order Differential Equations

differential equation free of parameters and representing the family. The answer in

most cases is yes.

o Letustry to see, with reference to a 1-parameter family of curves, how to proceed

if the answer to the question is yes.

VU

1. Differentiate with respect to x, and get an equation-involving x, y,

the new equation.

ﬂ and C.
dx

2. Using the original equation, we may be able to eliminate the parameter C from

3. The next step is doing some algebra to rewrite this equation in an explicit form

a For illustration we consider an example:

IHlustration
Example

Find the differential equation satisfied by the family

X°+y?=CX

Solution:

1. We differentiate the equation with respect to x, to get

2x+2yﬂ:C
dx

2. Since we have from the original equation that

2 2
C— X +Yy
X
then we get
2 2
2x+2yOly S
dx X

3. The explicit form of the above differential equation is
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ﬂ_yZ_XZ
dx 2Xy

This last equation is the desired DE free of parameters representing the given family.

Let us consider the example of the following two families of curves

y = mX
X2+y2:C2

The first family describes all the straight lines passing through the origin while the second
family describes all the circles centered at the origin

If we draw the two families together on the same graph we get

s W ey
SN

N
N
NS
SRS

/X
7NN,

i

Clearly whenever one line intersects one circle, the tangent line to the circle (at the point
of intersection) and the line are perpendicular i.e. orthogonal to each other. We say that
the two families of curves are orthogonal at the point of intersection.
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10-Applications of First Order Differential Equations

‘Orthogonal curves::

Any two curves C, and C, are said to be orthogonal if their tangent lines T, and T, at
their point of intersection are perpendicular. This means that slopes are negative
reciprocals of each other, except when T, and T, are parallel to the coordinate axes.

Orthogonal Trajectories (OT)::
When all curves of a family 3, : G(x,y,c,)=0 orthogonally intersect all curves of

another family 3,: H(X,y,c,)=0 then each curve of the families is said to be
orthogonal trajectory of the other .

As we can see from the previous figure that the family of straight lines Y =MmMX and the§

2 2 2
family of circles X +Y = C* are orthogonal trajectories.

Orthogonal trajectories occur naturally in many areas of physics, fluid dynamics, in the
study of electricity and magnetism: etc. For example the lines of force are perpendicular
to the equipotential curves i.e. curves of constant potential.

‘Method of finding Orthogonal Trajectory::

Consider a family of curves 3. Assume that an associated DE may be found, which is
given by:

dy
—=T(xy)
dx
dy
Since & gives slope of the tangent: to a curve of the family 3 through (X, y).
Therefore, the slope of the line orthogonal to this tangent is — ﬁ So that the
slope of the line that is tangent to the orthogonal curve through (Xx,y)is given by
—%. In other words, the family of orthogonal curves are solutions to the
X,y
differential equation
dy 1
dx  f(xy)
The steps can be summarized as follows:

Summary:
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In order to find Orthogonal Trajectories of a family of curves 3 we perform the
following steps:

Step 1. Consider a family of curves J and find the associated differential equation.
Step 2. Rewrite this differential equation in the explicit form

dy
2 = f(x,
™ (x,y)

dy__ 1
dx  f(x,y)

Step 4.. Solve the new equation. The solutions are exactly the family of orthogonal
curves.
Step 5. A specific curve from the orthogonal family: may be required;, something like an:

Example 1

Find the orthogonal Trajectory to the family of circles
x2 1 yz _C?

Solution:

The given equation represents a family of concentric circles centered at the origin.
Step 1. We differentiate w.r.t. * X " to find the DE satisfied by the circles.

d
2y L ox—0
dx
Step 2. We rewrite this equation in the explicit form
dy X
dx y
Step 3. Next we write down the DE for the orthogonal family
dy _ 1y
dx —(x/y) x

Step 4.This is a linear as well as a separable DE. Using the technique of linear
equation, we find the integrating factor

1
—| = dx
u(x)=eJX 1
X

which gives the solution
y.u(x)=m

or
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10-Applications of First Order Differential Equations

Find the Orthogonal Trajectory to the family of circles

X°+y>=2CXx

d X* +y?
yWoxoc, =XV
dx 2X
2. The explicit differential equation associated to the family of circles is
dy y*-x?

dx 2Xy
3. Hence the differential equation for the orthogonal family is
dy  2xy
dx  x*-y?

4. This DE is a homogeneous, to solve this equation we substitute V = Y/ X

or equivalently :Y =VX.  Then we have
d dv 2X 2v
_XZX__+de 2y2: 2
dx dx X“ -y 1-v

Therefore the homogeneous differential equation in step 3 becomes

dv 2V
X— 4V =

dx 1-— V2
Algebraic manipulations reduce this equation to the separable form:
3

dv_1]jv+v
dx x|1-v?
The constant solutions are given by

Vvl =0 = v(1+v2) =0

The only constant solutionis V=0.

To find the non-constant solutions we separate the variables

2
1 V3dv:1dx
V+V X

Integrate
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)
Jl V3dv:fldx
V+V X

Resolving into partial fractions the integrand on LHS, we obtain
1-v¥  1-v® 1  2v

VIRV v(1+v2) vV 14V2

Hence we have

2
Jl_"3 dv:Hl—lz"z}d v=In|v|-In[vZ +1]
V. 1+v

V+V
Hence the solution of the separable equation becomes

In|v|-=In[v’ +1]=In|x|+InC

which is equivalent to
\"
= Cx
Ve +1
where C # 0. Hence all the solutions are
v =0
Vv
5 = CX
ve+1
- Y
We go back to y to get: Y = 0:and y2 T xZ which is equivalent to
y =0
x> +y>= my

5. Which is x-axis and a family of circles centered on y -axis. A geometrical
view of both the families is shown in the next slide.

85

© Copyright Virtual University of Pakistan



10-Applications of First Order Differential Equations

Population Dynamics:

Some natural questions related to population problems are the following:

o What will the ipopulation of a certain country after e.g. ten years?
o How are we protecting the resources from extinction?

The easiest population dynamics model is the exponential model. This model is based
on the assumption:

The rate of change of the population is proportional to the existing population.

If P(t) measures the population of a species at any time T then because of the above
mentioned assumption we can write
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dP

kP
dt

where the rate K is constant of proportionality. Clearly the above equation is linear as
well as separable. To solve this equation we multiply the equation with the integrating

E[P e kt} =0
dt

factor e kt to obtain

Integrating both sides we obtain

Pe_kt:C or P:Cekt

If Py is the initial population then P(0) = P, . So that C = P, and obtain

P(t) = P, ekt

Clearly, we must have k>0 for growth and k <O for the decay.
Illustration

The population of a certain community is known to increase at a rate proportional to the
number of people present at any time. The population has doubled in 5 years, how long
would it take to triple?. If it is known that the population of the community is 10,000
after 3 years. What was the initial population? What will be the ipopulation in 30 years?:

Solution:

Suppose that P, is initial population of the community and P(t) the population at any

time T then the population growth is governed by the differential equation

dP
— —kP
dt
As we know solution of the differential equation is given by
P(t) =P, ekt

Since: P(5) = 2P, . Therefore, from the last equation we have

2P, =P, e5k :>e5k =2
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10-Applications of First Order Differential Equations
This means that
0.69315
5k =In2=0.69315 or k= =0.13863
Therefore, the solution of the equation becomes
P(t)=P e0.13863t
= 1o
If tl is the time taken for the population to triple then
3p, —p, (013864 _ 01386, _ g
| = In3 = 7.9265~ 8 years
0.1386
Now using the information i P(3) = 10,000, we obtain from the solution that
_ o .(0.13863 )(3) 10,000
10,000 =R, e =B, = —e0'41589
Therefore, the initial population of the community was
P, ~ 6598
Hence solution of the model is
P(t) = 6508¢0-13863t
So that the population in 30 years is given by
P(30) = 65986(30)(0'13863) _ 6598a%1589
or P(30)= (6598 )(64.0011)
or P(30)~ 422279
88
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Lecture 11  Radioactive Decay

In physics a radioactive substance disintegrates or transmutes into the atoms of another
element. Many radioactive materials disintegrate at a rrate proportional to the amount:

then the rate of change of A(t) with respect to time T is given by
dA
dt

where K is a constant of proportionality. Let the initial amount of the material be A, then

kKA

A(0) = A, . As discussed in the population growth model the solution of the differential
equation is

At) = Aet

The constant K can be determined using half-life of the radioactive material.

The half-life of a radioactive substance is the time it takes for one-half of the atoms in an
initial amount A, to disintegrate or transmute into atoms of another element. The half-
life measures stability of a radioactive substance. The longer the half-life of a substance,

the more stable it is. If T denotes the half-life then

Ay
AT)=—
) 5
Therefore, using this condition and the solution of the model we obtain
A kt
— = e
> =%
So that KT=-In2

Therefore, if we know T , We can get K and vice-versa. The half-life of some important
radioactive materials is given in many textbooks of Physics and Chemistry. For example

the half-life of C —14 is 5568 + 30 years.:

Example 1:
A radioactive isotope has a half-life of 16 days. We have i30 g at the end of 30 days.
‘How much radioisotope was initially present?

Solution: Let A(t) be the amount present at time t and A, the initial amount of the

isotope. Then we have to solve the initial value problem.
dA
E =kA A30)=30

We know that the solution of the I\VP is given by

A = Aek!
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If T the half-life then the constant is given K by

kT=-In2 or k__ln_2__|n_2
T 16
Now using the condition A(30) =30 , Wwe have
So that the initial amount is given by
30In 2

A, =303 —30e 16 110049

Example 2:

A breeder reactor converts the relatively stable uranium 238 into the isotope plutonium

................

plutonlum has disintegrated. Find the half-life of this isotope if the rate of dlsmtegratlon
is proportional to the amount remaining.

Solution:

Let A(t) denotes the amount remaining at any time t , then we need to find solution to
the initial value problem

dA -
G KA A=A

which we know is given by

At) = Aekt

If 0.043% disintegration of the atoms of A; means that 99.957% of the substance:

A(5) = (0.99957 )A0

So that
AeloK = (0.99957) A,
15k = in(0.99957)
or = 99957 _ 4 90002867
once A(t) = A ¢~ 000002867 t

If T denotes the half-life then : A(T) = % . Thus
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A _ Ae~ 0.00002867 T . 1 o—0.00002867 T
2 2
—0.00002867 T = (2) =—In2
= In2 24,180 years
0.00002867

Newton's Law of Cooling
From experimental observations it is known that the itemperature T (t) of an object

changes at a rate proportional to the difference between the temperature in the body and

the temperature T, of the surrounding environment. This is what is known as Newton's
law of cooling.

If initial temperature of the cooling body is T, then we obtain the initial value problem
dT

e k(T-T,), T(O)=T,

where Kk is constant of proportionality. The differential equation: in the problem is linear:

as well as separable.;

Separating the variables and integrating we obtain
dT

B PR

T-T,

This means that

In|T-T, |=kt+C
T-T =ekt*C

T =T, +C,eM where C, =¢°

Now applying the |n|t|al condition T(O) :TO, we see that C; =T, =T, . Thus the

solution of the initial value problem is given by

T(t) :Tm + (I-O _Tm)ekt

Hence, If temperatures at times tl and tz are known then we have

T(t)-T, = (T,-T,)e"" , T(t,)-T, = (T, T, )¢

So that we can write

T(t)-T, ek(tl _tz)
T(tz) _Tm -
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This equation provides the value of K if the interval of time * t1 —t2 > is known and vice-

VErsa.

Example 3:

Suppose that a idead body was discovered at midnight in a room when its temperature

was 80 °F. The temperature of the room is kept constant at 60 °F . Two hours later the

temperature of the body dropped to 75° F . Find the time of death.
Solution:
Assume that the dead person was not sick, then

T(0)=98.6°F=T,and T, =60°F
Therefore, we have to solve the initial value problem

‘Z—I =k(T -60), T(0)=98.6

We know that the solution of the initial value problem is
kt

T(t) :Tm + (TO _Tm)e

T(t)-T, _ ek(t1 -t5)

T(tz) _Tm

The observed temperatures of the cooling object, i.e. the dead body, are

T(t)=80°F and T(t,)=75°F

Substituting these values we obtain

So that

80_60:e2k as t, —t. =2 hours
75-60 1 2
1 4
k==In—=0.1438
So 23

Now suppose that t1 and t2 denote the times of death and discovery of the dead body
then

T(t,)=T(0)=98.6°F and T(t,)=80°F
For the time of death, we need to determine the interval 1, =1, =1, . Now
T(t,)-T, :ek(tl‘tz) _ 986-60 _ ki,
T(t,)-T, 80— 60

1, 38.6

t,=—Inh——=~4.573
or = o0

Hence the time of death is 7:42 PM..

‘Carbon Dating:
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radiation on nitrogen.:

The ratio of C-14 to ordinary carbon in the atmosphere appears to be constant.

The proportionate amount of the isotope in all living organisms is same as that in
the atmosphere.

When an organism dies, the absorption of C —14 by breathing or eating ceases.
Thus comparison of the proportionate amount of C —14 present, say, in a fossil
with constant ratio found in the atmosphere provides a reasonable estimate of its

age.

The method has been used to date wooden furniture in Egyptian tombs.

o Since the method is based on the knowledge of half-life of the radio active C —-14
(5600 vyears approximately), the initial value problem discussed in the
radioactivity model governs this analysis.

Example:

A ffossilized bone is found to contain 1/1000:0f the original amount of C—14. Determine

the age of the fissile.:

Solution:

Let A(t) be the amount present at any time t and A, the original amount of C-14.

Therefore, the process is governed by the initial value problem.

dA
GoKA A0 =A

We know that the solution of the problem is

At) = A ekt

Since the half life of the carbon isotope is 5600 years. Therefore,

So that

A(5600) = %

A

> = Ae2%00K o1 5600k = —In2

k =—0.00012378

Hence
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A(t) = Ae

—(0.00012378)t

If T denotes the time when fossilized bone was found then A(t) =

Therefore

Ay

1000

A
1000~ v

— (0.00012378)t

= —0.00012378t =-In1000

~In1000
0.00012378

= 55,800 years
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Lecture 12  Application of Non Linear Equations

As we know that the solution of the exponential model for the population growth is
P(t) = P, ekt
P, being the initial population. From this solution we conclude that

(@ If k>0 the population grows and expand to infinity i.e. lim Ft)g) = +0
00

(b) If k <0 the population will shrink to approach 0, which means extinction.

Note that:

(1) The prediction in the first case (k >0) differs substantially from what is actually
observed, population growth is eventually limited by some factor!

(2) Detrimental effects on the environment such as pollution and excessive and
competitive demands for food and fuel etc. can have inhibitive effects on the population
growth.

Logistic equation:

Another model was proposed to remedy this flaw in the exponential model. This is called
the logistic model (also called Verhulst-Pearl model).

Suppose that a >0 is constant average rate of birth and that the death rate is proportional
to the population P(t) at any time . Thus if %z—f is the rate of growth per individual
then

1dP_
P dt

where b is constant of proportionality. The term —bP2, b >0: can be interpreted as

a—bP or dd_Ft): P(a—bP)

inhibition term. When b =0, the equation reduces to the one in exponential model.
Solution to the logistic equation is also very important in ecological, sociological and
even in managerial sciences.

Solution of the Logistic equation:

The logistic equation

dP
— =P(a-bP
pra )

can be easily identified as a nonlinear equation that is separable. The constant solutions
of the equation are given by

P(a-bP)=0

= P=0 and Pzg
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For non-constant solutions we separate the variables

_ P
P(a—bP)
Resolving into partial fractions we have
Va, bla lyp_ g
P a-DbP
1 1
Integrating —In|P[-=In|a-bP|=t+C
a a
In =at+aC
a—DbP
or P__ c,e® where C, =eaC
a—bP
Easy algebraic manipulations give
aCleat aC,
P(t)= at —at
1+bCee bC, +e
Here C,is an arbitrary constant. If we are given the initial condition P(0)=P,, P, ¢%
we obtain iC, = P(t))P . Substituting this value in the last equation and simplifying, we
a—Dbr,
obtain
aP,
P(t) = T
bP, + (a—bPR,)e
i aP, a
lim P(t)=—2=— imi
Clearly U (t) bP, b’ limited growth

ai. . . . .
Note that : P = b is a singular solution of the logistic equation.

Special Cases of Logistic Equation:
1. Epidemic Spread

Suppose that one person infected from a contagious disease is introduced in a fixed
population of n people.

L dx . . .
The natural assumption is that the rate aof spread of disease is proportional to the

number X(t) of the infected people and number Y(t) of people not infected people.
Then

96

© Copyright Virtual University of Pakistan



12-Application of Non Linear Equations

dx

— =kXx

dt d
Since X+y=n+1

Therefore, we have the following initial value problem

% =kx(n+1-x), x(0)=1

The last equation iis a special case of the logistic equation and has also been used for
the spread of information and the impact of advertising in centers of population.

2. A Modification of LE:

A modification of the nonlinear logistic differential equation is the following

dP
—=P(a-bInP
pranll )

has been used in the studies of solid tumors, in actuarial predictions, and in the growth
of revenue from the sale of a commercial product in addition to growth or decline of
population.;

students. If it is assumed that the rate at which the virus spreads is proportional not only

to the number x of mfected students but also to the number of istudents not mfected

days x(4) =50.

Solution

Assume that no one leaves the campus throughout the duration of the disease. We must
solve the initial-value problem

% =kx(1000-x), x(0)=1

We identify

'a=1000k and b=k:
Since the solution of logistic equation is

aP,
bP, + (a—bP,)e &

P(t) =

Therefore we have
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1000 k 1000

X0 = - |
k +999 ke 1000Kt 1 | 9991000kt

1000

1+ 9994000k

-1 In 19 _ 0.0009906.

~ 4000 999

50 =

We find

Thus

1000

X(t) =
1+ 999 0-9906 t

Finally

X(6) = 1000 =276 students:

1+ 099 —>-9436

‘Chemical reactions::

In a first order chemical reaction, the molecules of a substance A decompose into smaller:

.....................................

substance that has not undergone conversion. The disintegration of a radioactive
substance is an example of the first order reaction. If X is the remaining amount of the

substance A at any time t then
dX
dt

k <0 because X is decreasing.

k X

In a 2" order reaction two chemicals A and B react to form another chemical C at a
rate proportional to the product of the remaining concentrations of the two chemicals.

If X denotes the amount of the chemical C that has formed at time t. Then the
instantaneous amounts of the first two chemicals A and B not converted to the
chemical C are «—X and L — X, respectively. Hence the rate of formation of

chemical C is given by

© =kla-x)(8-X)
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where k is constant of proportionality.

.................................

‘A compound C is formed when two chemicals A and B are combined. The resulting

reaction between the two chemicals is such that for each gram of A, 4 grams of B are
used. It is observed that 30 grams of the compound C are formed in 10 minutes.
Determine the amount of C at any time if the rate of reaction is proportional to the
amounts of A and B remaining and if initially there are 50 grams of A and 32 grams

of B . How much of the compound Cis present at 15 minutes? Interpret the solution as
t >

Solution:

and b grams of B then

a+b=2 aa b=4a
Solving the two equations we have

a=§=2(1/5) o b:§:2(4/5)

In general, if there were for X grams of C then we must have

X 4
a=— and b =—
5 9)
Therefore the amounts of A and B remaining at any time t are then

50—£and BZ—EX
5 5

respectively .

Therefore, the rate at which chemical C is formed satisfies the differential equation

B a[0- % m-2x]
dt 5 5

or
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dX
s k(250— X)(40—X), k=44/25
We now solve this differential equation.
By separation of variables and partial fraction, we can write
ax _ kdt
(250 — X )40 - X))
B 1/210 dX + 1/210 dX = kdt
250— X 40— X
[ 220~ %~ 210kt+ c,
40- X
250- X
— = cze210kt Where ¢, =e®
40— X
When t =0, X =0, so it follows at this point that C, = 25/4 . Using X =30 at
t =10, we find
210k = L In 88 =0.1258
10 25
With this information we solve for X :
1—e™ 0.1258t
X (t) =1000
o5 _ 40— 0.1258t
Itis clear that as e_0'1258t —0 as t —> 00, Therefore X —40 as t —> 0. This
fact can also be verified from the following table that X — 40 as t —> 0.
t | 10|15 20 25 30 35
X 30| 34.78 | 37.25 | 38.54 | 39.22 | 39.59
This means that there are 40 grams of compound C formed, leaving
50—%(40) =42 gramsof chemical A
100
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and

32——%(40):() gramsof chemical B

Miscellaneous Applications

The velocity V of a falling mass M | subjected to air resistance proportional to
instantaneous velocity, is given by the differential equation

dv
m— =mg — kv
dx
Here k > 0 is constant of proportionality.

The rate at which a drug disseminates into bloodstream is governed by the
differential equation

o _
dt

Here A, B are positive constants and X(t) describes the concentration of drug i

A — Bx

the bloodstream at any time t.
The rate of memorization of a subject is given by

dA
=M =A) kA

10
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Here k, >0, k, >0 and A(t) is the amount of material memorized in time t,

M is the total amount to be memorized and M — A is the amount remaining to
be memorized.
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Lecture 13  Higher Order Linear Differential Equations

Preliminary theory

o A differential equation of the form
dn dn-t d
an () =2 +an_g () =+ +ay(x) > + a9 (X)y = 9(¥)

dx" dx" dx

or a0y +a,_ 1y o+ 2 0y +ag () = 9(x)
where ag(X),a1(X),...,a,(X),g(x)are functions of x and a,(x) =0, is
called a linear differential equation with variable coefficients.
o However, we shall first study the differential equations with constant coefficients
i.e. equations of the type
dny +an_1 dn 1y
dx" dx" L
where Qdg,dq,...,dnyare real constants. This equation is non-homogeneous
differential equation and
a If g(x) =0 then the differential equation becomes

n n-1
anu+an_1d y+---+a1%

dx" dx" 1
which is known as the associated homogeneous differential equation.

an

+"'+al?+aOY=9(X)
X

+agy =0

Initial -Value Problem
For a linear nth-order differential equation, the problem:

n n—ly dy

Solve: an(x)u+an_1(x)d —1 +-+ap(X)=—+ag(x)y =9(x)

dx"
Subjectto:  Y(X)=VYe Y (X)) = VoY (X)) = Yo
Yo yO/ youoy y{;*1 being arbitrary constants, is called an initial-value problem (I'\VP).

The specified values y(X,)=Yo, ¥ (%) = Yor-. Y (%) =Y, are called initial-

conditions.
For n =2 the initial-value problem reduces to
d?y dy
Solve: ar(X)—=+a;(x)—+apg(x)y = g(x
2( )OIX2 1.( )dx 0(¥)y=9(x)

Subjectto: V(X)) =VYor-oes Y (Xo) = Ve
Solution of VP
A function satisfying the differential equation on | whose graph passes through (X,,Y,)

such that the slope of the curve at the point is the number vy, is called solution of the
initial value problem.
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Theorem: Existence and Uniqueness of Solutions

Let ap(x),an_1(X).... aq(x),ag(x)and g(x) be continuous on an interval | and let
a,(x)#0, Vxel.If x=xy el, then a solution y(x) of the initial-value problem exist

on | and isunique.

Example 1

Consider the function y= 32X 4 e72X _3x
This is a solution to the following initial value problem

y' -4y =12x, y(0)=4,y'(0)=1

d? _
dx
d2y
and d—2—4y =122 + 472 —12e2X — 472 +12x =12x
X
Further y(0)=3+1-0=4 and y'(0)=6-2-3=1
Hence y =32 +e72X _3x

is a solution of the initial value problem.
We observe that

The equation is linear differential equation.
The coefficients being constant are continuous.
The function g(x) =12x being polynomial is continuous.

o The leading coefficient a,(x) =10 for all values of Xx.

00O

Hence the function y = 3e?X +e72X _3x isthe unique solution.

Example 2
Consider the initial-value problem

I

3y" +5y" —y' +7y =0,

ym =0, y'®=0 y'@=0
Clearly the problem possesses the trivial solution y =0.
Since
o The equation is homogeneous linear differential equation.
o The coefficients of the equation are constants.
o Being constant the coefficient are continuous.
o The leading coefficienta, =3+ 0.

Hence y =0 is the only solution of the initial value problem.
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Note: If a, =07
If a,(x) =0 inthe differential equation

dny n—ly

d dy _
an (x)m(—n+an_1(><) = Tt () o +ao()y = 9(x)

for some x e 1 then

o Solution of initial-value problem may not be unique.
a Solution of initial-value problem may not even exist.

Example 4
Consider the function
y = ox? +x+3
and the initial-value problem
x2y” —2xy/ +2y=06
y(0) =3, y'(0)=1
Then y'=2cx+1 and  y"=2c
Therefore x2y" —2xy’ +2y = x?(2¢) — 2x(2cx +1) + 2(cx® + x + 3)

— 20x% — 4cx% — 22X+ 20X +2X+ 6

= 6.
Also y(0)=3 = ¢(0)+0+3=3
and y/ (0)=1 = 2c(0)+1=1

So that for any choice of c, the function'y' satisfies the differential equation and the
initial conditions. Hence the solution of the initial value problem is not unique.

Note that

The equation is linear differential equation.
The coefficients being polynomials are continuous everywhere.
The function g(x) being constant is constant everywhere.

0O 00D

The leading coefficient a, (x) = x>?=0at x=0e (—00,00).

Hence a,(x) =0 brought non-uniqueness in the solution

105

© Copyright Virtual University of Pakistan

VU



13-Higher Order Linear Differential Equations

Boundary-value problem (BVP)

For a 2™ order linear differential equation, the problem

dzy

dx?
Subjectto:  y(@)=y,, y®)=y

is called a boundary-value problem. The specified values y(a) =vy,, and y(b) =y, are

called boundary conditions.

Solve: a, (x) + al(x)% +ag(X)y =9(x)

Solution of BVP

A solution of the boundary value problem is a function satisfying the differential equation
on some interval | , containing a and b, whose graph passes through two points (a, y,)

and (b, y,).

Example 5
Consider the function
y =3x% —6x+3
We can prove that this function is a solution of the boundary-value problem
x*y" —2xy’ +2y =8,
y =0, y(@2)=3
2
Since y=6x—6, u:6
dx dx2
2 d?y dy 2 2 2
Therefore XS —— —2X—+42y =6x° —-12x° +12X+6X° -12x+6=6
d)(2 dx
Also y@0)=3-6+3=0, y(2)=12-12+3=3

Therefore, the function'y'satisfies both the differential equation and the boundary
conditions. Hence vy is a solution of the boundary value problem.

Possible Boundary Conditions

For a 2" order linear non-homogeneous differential equation
2

az(x)%w(x)%ao(x)y:g(x)

all the possible pairs of boundary conditions are

y(@) =Y, y(b) =y,
y' () =ys, y(b) = y1,
y(@) =y, y'(0)=y'1,
y' (@) = s, y'(0) =y

where y,, v, Y, and y; denote the arbitrary constants.

In General
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All the four pairs of conditions mentioned above are just special cases of the general
boundary conditions

1Y@+ Ay’ (@) =n
azy(®)+ By’ (B) =77
where al!az’ﬁliﬂZ € {0’1}

Note that
A boundary value problem may have

o Several solutions.
o A unique solution, or
o No solution at all.

Example 1
Consider the function

Y = C; COS4X +C, Sin4X
and the boundary value problem
y" +16y=0, y(0)=0, y(r/2)=0
Then
y' = —4c, sin4x + 4c, Cos4x

y" =-16(c, cos4x +c, sin 4x)
y" =-16y
y" +16y =0
Therefore, the function
y =C, COS4X +C, Sin 4x
satisfies the differential equation

y" +16y=0.

Now apply the boundary conditions
Applying y(0)=0
We obtain

0=cycos0+cysin0

=C = 0
So that

y=cC,Ssin4x.
But when we apply the 2™ condition y(z/2) =0, we have

0=c,sin2z

Sincesin 2z =0, the condition is satisfied for any choice of c,, solution of the problem is
the one-parameter family of functions

y =C, sin4x
Hence, there are an infinite number of solutions of the boundary value problem.

Example 2
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Solve the boundary value problem
y" +16y=0
T
0 =0,y % -0
Solution:
As verified in the previous example that the function
Y = C; COS4X + C, Sin4X
satisfies the differential equation
y" +16y=0
We now apply the boundary conditions
y(0)=0=0=c¢c; +0
and y(7z/18)=0=0=0+c,
SO that Cl = O = C2
Hence
y=0
is the only solution of the boundary-value problem.
Example 3
Solve the differential equation
y" +16y=0
subject to the boundary conditions
y(0)=0, y(z/2)=1
Solution:
As verified in an earlier example that the function
y = C; COS4X + C, Sin4X
satisfies the differential equation
y/ +16y=0
We now apply the boundary conditions
y(0)=0=0=c¢c; +0
Therefore ¢ =0
So that y =C, Sin4x
However y(r/2)=1=1c,sin2r =1
or 1=¢,.0=1=0
This is a clear contradiction. Therefore, the boundary value problem has no solution.
Definition: Linear Dependence
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A set of functions

{100, f200,., ()}

is said to be linearly dependent on an interval | if 3 constants Cq,C,,...,C, not all zero,
such that

qfi(x)+cofro(X)+---.4+c, fr(x)=0, Vxel

Definition: Linear Independence

A set of functions
{00, f2(0,.... f (0}
is said to be linearly independent on an interval | if
() +c fro(X)+---+c,f,(x)=0, Vxel,
only when
c,=¢C,=--=¢C, =0.

Case of two functions:

If n=2 then the set of functions becomes
{f10, F200}

If we suppose that
¢ fi(X)+cyfr(x)=0

Also that the functions are linearly dependent on an interval | then either ¢; #0 or
c, #0.

Let us assume that c, # 0, then

mm=—%nau

Hence f,(x) isthe constant multiple of f,(X) .
Conversely, if we suppose

fi(x)=c3 f2(x)
Then D f(x)+c,f,(x) =0, ¥xel

So that the functions are linearly dependent because c, = —1.

Hence, we conclude that:
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o Any two functions f;(x)and f,(x)are linearly dependent on an interval | if and
only if one is the constant multiple of the other.

o Any two functions are linearly independent when neither is a constant multiple of
the other on an interval I.

o Ingeneral a set of n functions {fl(x), fo(X),..., fn(x)} is linearly dependent if at
least one of them can be expressed as a linear combination of the remaining.

Example 1
The functions

f1(x) =sin 2x, VX € (—o0, o)

f5(X) =sinxcosx, VX e (-0, )

If we choose c; :% and ¢, = -1 then

. : 1., .. .
C; SiN 2X +C, Sin XCOSX :E(Zsm X COSX) — sin xcosx =0

Hence, the two functions f;(x) and f,(x) are linearly dependent.
Example 3
Consider the functions

f,(x) =cos’x, f,(x)=sin’x, Vxe (-z/2,z/2),

f,(x) =sec*x, f (X)= tan’x, VXe (—712,712)
If we choose ¢; =c, =1,¢3 =-1,¢4 =1, then

Cy f1(X) + €2 fo (X) + €3 f3(X) + ¢4 T4(X)
=, C0S? X +C, Sin? x+c3sec2 X +C4 tan? x

= cos? X +sin?

=1-1+0=0
Therefore, the given functions are linearly dependent.
Note that

X+ —1—tan? x + tan? x

The function f;(x) can be written as a linear combination of other three functions

f,(x), f,(x) and f,(x) becausesec® x = cos? x +sin? x + tan” x.

Example 3
Consider the functions
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fi(X) =1+x, V xe (—o0,)
fo(x)=%X, VXe (—o,0)

f3(x) = x2, Vxe (—o0,0)

Then
¢ fi(X) +cy fa(X)+c3f3(x) =0
means that
1+ x)+c2x+c3x2 =0
or cl+(c1+cz)x+c3x2 =0
Equating coefficients of x and x? constant terms we obtain
Cl = 0 = C3
Cl + C2 = 0
Therefore Cp=Cy=C3=0

Hence, the three functions f;(x), f,(x) and f3(x) are linearly independent.

Definition: Wronskian

Suppose that the function f,(x), f,(x),..., f,(x) possesses at least n—1 derivatives then
the determinant

fi fy i
it fa
TR P fn-t

is called Wronskian of the functions f,(x), f,(x),..., f,(x)and is denoted by
W(f,(0), 00, F(0))-
Theorem: Criterion for Linearly Independent Functions

Suppose the functions f,(x), f,(x),..., f,(x) possess at least n-1 derivatives on an interval
. If

W(f (x), f,(x),...., T, (x)) =0
for at least one point in 1, then functions f,(x), f,(x),..., f,(x) are linearly independent
on the interval 1| .
Note that
This is only a sufficient condition for linear independence of a set of functions.

In other words

If f,(x), f,(x),..., f,(X) possesses at least n—1 derivatives on an interval and are
linearly dependent on | , then
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© Copyright Virtual University of Pakistan



13-Higher Order Linear Differential Equations

W(f (X)) To(X)seo, T (X)) =0, Wxel

However, the converse is not true. i.e. a Vanishing Wronskian does not guarantee linear

dependence of functions.

Example 1
The functions
f1(x)=sin? x
f,(x)=1-cos2x
are linearly dependent because

sin? x = %(1—c052x)

We observe that for all x € (—o0,0)

W (fy(x), f5(x))= sin®x  1-cos2x

2sinxcosx  2sin 2x

=2sin? xsin 2x — 2sin Xcos X
+25in X COS X COS 2X

=sin 2x[25in2 X —1+c0s2x]

=sin 2x[23in2 X —1+cos? X —sin? X]

=sin 2x[sin? x + cos? x —1]
=0

Example 2

Consider the functions

f,(x)=e™", f,(x)=e"2", m, =m,
The functions are linearly independent because
Cl fl(X) + C2 f2 (X) = 0

if and only if cg=0=c, as my=m,

Now for all xeR
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m, X m,X

W(emlx,emzx): ° ©
me™  mye™

=(m, - ml)e(m1+m2)x
0

Thus f, and f,are linearly independent of any interval on x-axis.

Example 3
If «and £ are real numbers, S =0, then the functions
y, =e” cosfxandy, =e”sin X
are linearly independent on any interval of the x-axis because

W(e“x cos X, e” sin ﬂx)

e™ cos A e sin /X

— B sin A+ o™ cos X o™ cos X+ ae™ sin X
:,692‘”‘(0032 fx+sin? ,Bx): )i S}

Example 4
The functions

f(x)=e*, f,(x)=xe*, and f,(x)=x?e*

are linearly independent on any interval of the x-axis because for all x € R, we have

e xe* x2e*
W(e™, xe*,x%e)=|e*  xe* +e” x2e* + 2xe”
X xe¥+2e* x%e* +4xe* +2e*
=2e¥* %0
Exercise

1. Given that
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4.
S.
6.
7.

y=ce*+ce”

is a two-parameter family of solutions of the differential equation
y'—y=0
on (— oo,oo), find a member of the family satisfying the boundary conditions
y(0)=0, y(®)=1.
Given that
Yy =C; +C, COSX + C3SiN X
is a three-parameter family of solutions of the differential equation
y"+y'=0
on the interval (— oo,oo), find a member of the family satisfying the initial
conditions y(z)=0, y'(z)=2,y"(z)=-1.
Given that
y =C;X+CyXInx
is a two-parameter family of solutions of the differential equation
x2y" —xy'+y=00n (—o0,). Find a member of the family satisfying the initial
conditions
y)=3 y@)=-1.
Determine whether the functions in problems 4-7 are linearly independent or
dependent on (- oo, ).

fi(x)
1(%)
f,(x)
fi(x)=e*, fy(x)=e7, f3(x)=sinhx

x, f,(x)=x% f,(x)=4x-3x
0, fo(x)=x, fz(x)=e*
cos2x, f,(x)=1 f,(x)=cos’x

—
Il

Show by computing the Wronskian that the given functions are linearly independent
on the indicated interval.

8.
9.

tanx, cotx;  (-oo,m)

eX, X, &M (~o0,)

10. x,xInx,x2Inx; (0,00)
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Lecture 14  Solutions of Higher Order Linear Equations

Preliminary Theory

o In order to solve an nth order non-homogeneous linear differential equation

d n d n-1 d
2,005 Y +a,, (05 T 2,00 + 2, (K = g4

dx" dx"*
we first solve the associated homogeneous differential equation
a (X)d_”y+ a 1(x)d "y +ot al(x)ﬂ+ a,(x)y =0
ldx™ T Tdx™! dx

o Therefore, we first concentrate upon the preliminary theory and the methods of
solving the homogeneous linear differential equation.

o We recall that a function y= f(x) that satisfies the associated homogeneous
equation

d ny d n—1y dy
3,005 L, 0 L e () oy (x)y =0

is called solution of the differential equation.

Superposition Principle

Suppose that ¥;,Y,,..., Y, are solutions on an interval | of the homogeneous linear
differential equation

n n-1
a,(x) %Y "y

d
+ an—l (X) n-1 ) y
dx

+o-+ay(x &+ao(x)y:0

Then
y= Clyl(x)+ Czyz(x)"'""" CoYn (X)’
C1,Cy,...,C, being arbitrary constants is also a solution of the differential equation.

Note that

o A constant multiple y=c,y,(x) of a solution y,(x) of the homogeneous linear
differential equation is also a solution of the equation.

o The homogeneous linear differential equations always possess the trivial solution
y=0.

o The superposition principle is a property of linear differential equations and it
does not hold in case of non-linear differential equations.
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Example 1

The functions
y, =e*,y, =c¥, and y, =e*
all satisfy the homogeneous differential equation
d’y o d%y
dx®* dx®

on (— oo,oo). Thus y,,y, and y; are all solutions of the differential equation

+11ﬂ—6y =0
dx

Now suppose that
y =c.e* +c,e”* +c,e™.

Then

o

Y e+ 20,62 + 3.6

X

o

2

@Y _ ce +4c,e% +9c,e™.
X2

o [

o

3

QY et +8c,e% + 27c,e™.
dx®

Therefore

3 2
dy_gd%y g dy o

dx® dx? X
= cl(ex —6e* +11e* —6eX)+ 02(8e2X — 24e%X 4 2202 —6e2x)

+cgl27e3* —54e3* + 33e5X — ge3X

=c,(12-12)e* + ¢, (30— 30)?* +c5(60 - 60)e>
=0

Thus y =c,e* +c,e” +ce™.

is also a solution of the differential equation.
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Example 2
The function

2

y=X
is a solution of the homogeneous linear equation

x’y" —3xy'+4y =0

on (0,0).
Now consider
y =cx’
Then y'=2cx and y"=2c
So that x2y" —3xy’ + 4y = 2cx® —60x? +4cx* =0

Hence the function
y =cx’

is also a solution of the given differential equation.

The Wronskian

Suppose that y;,y, are 2 solutions, on an interval I , of the second order homogeneous
linear differential equation

d?y _ dy
aZW+a1&+aoy:0
Then either W(y,,y,)=0, Vxel
or W(y,,y,)#0, Vxel
To verify this we write the equation as
d?y Pdy
+—+Qy =0
dx®>  dx R
Yi Yy bt
Now Wy y,)= % ,2 =Y1¥Y2 = Y1¥e
Yyi Y2

Differentiating w.r.to X, we have

dﬂ_ "o\
dx =Y1¥Y2 — V1Yo

Since y,andy, are solutions of the differential equation

d’y Pdy
—+—+Qy =0
dx*>  dx i
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Therefore
yi +Py; +Qy; =0
Yz +Py; +Qy, =0
Multiplying 1% equation by y,and 2™ by y, the have
Y1¥2 + Py1y, +Qy1y, =0
Y1Y2 +Py1yz +Qy1y, =0
Subtracting the two equations we have:

(Y1Y5 = Yoy1)+ P(y,Y5 = yiy,) =0

or aw +PW=0
dx
This is a linear 1% order differential equation in W , whose solution is
W= Ce—dex

Therefore
o Ifc=0 then W(y,,y,)#0, Vxel

o Ifc=0 then W(y,,y,)=0, Vxel

Hence Wronskian of y, and vy, is either identically zero or is never zeroon | .

In general

If v;,¥,,...,y,are n solutions, on an interval |, of the homogeneous nth order linear

differential equation with constants coefficients

an%jtan_l Z:nif+---+a1%+aoy:0
Then
Either W(Y,,Y,,....¥,)=0, ¥xel
or W(Y,,Y,,..., ¥, )% 0, Vxel

Linear Independence of Solutions:
Suppose that
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Yir Yoo Yn

are n solutions, on an interval |, of the homogeneous linear nth-order differential
equation

d ny d n—ly dy
a,(x) o + an—l(x)w +et al(x)& +a,(x)y =0

Then the set of solutions is linearly independent on | if and only if
W(ylvyz,...,yn);to
In other words

The solutions
Yi:¥YoreoaYn

are linearly dependent if and only if
W(ylyyz,..., yn):O, Vx el

Fundamental Set of Solutions
A set
Wi Yareea Yol

of n linearly independent solutions, on interval |, of the homogeneous linear nth-order
differential equation

d" dnt d
a_(x) dx’¥ + an_l(x)rn_)ll et al(x)d—i +a,(x)y=0

is said to be a fundamental set of solutions on the interval | .
Existence of a Fundamental Set

There always exists a fundamental set of solutions for a linear nth-order homogeneous
differential equation

n n-1
an(x)OI Y ia 1(x)u+---+al(x)

an n-. an—l + a0 (X)y = O

dx
on an interval I.

General Solution-Homogeneous Equations
Suppose that

Wi Yoo Yal
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is a fundamental set of solutions, on an interval I, of the homogeneous linear nth-order

differential equation

dn dnfl d
0 (X) iy + Bna(X) g () g

Then the general solution of the equation on the interval 1 is defined to be

Y =Cya (%) + €y, (%) + -+ ¢y, ()
Here c,,c,,...,c, are arbitrary constants.
Example 1

The functions

3x

y,=e”" and vy, — e 3X

are solutions of the differential equation

y'=9y=0
3X )
Since W(esx,e_ng: e3 € =—6=%0, vVxel
3 X —3e_3x

Therefore y,andy, from a fundamental set of solutions on(—ao,0). Hence general

solution of the differential equation on the (—ao,) is

y =c.e®* +c,e ¥
Example 2
Consider the function y = 4sinh3x —5e 3X
Then y' =12cosh3x +15¢ X y" = 36sinh3x — 456~ X
" __ H _3X " _
= y _9(4smh3x—5e j or y" =9y,
Therefore y"—9y =0
Hence y = 4sinh3x —5e X

is a particular solution of differential equation.

y'=9y=0

The general solution of the differential equation is

3X —-3X
y=ce“" +c,e

Choosing C,=2,C,=—7
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We obtain y = 263X _7¢73X

y = 263X _ g™ 3X _5e3X

3X _ —3X
y:{e;}se—w

y =4sinh 3x— 53X

Hence, the particular solution has been obtained from the general solution.

Example 3
Consider the differential equation
3 2
9y 64 11 ¥ 6y-0
dx dx dx
and suppose that y, = eX, y, = e2X and y, = e3X
2 3
Then %:ex:d {lz—d };1
dx dx dx
a3y, d%y . dy X anX X X
Therefore -6 > +11—=-6y; =e” —6e” +11e™ —6e
dx® dx dx
ddy, d%y  dy X X
or -6 +11 -6y =12e” -12¢™ =0

dx3 dx? dx
Thus the function vy, is a solution of the differential equation. Similarly, we can verify
that the other two functionsi.e. y, and Yy, also satisfy the differential equation.

Now for all xeR

eX e2x e3x

W(ex,ezx,e3x)= eX 2e2X 3e3x :2e6X¢0 VXxel
eX 4e2x 9e3x

Therefore y;, y, and y;form a fundamental solution of the differential equation on
(~o0,0). We conclude that
y=ceX +c,e?X +ce3X

is the general solution of the differential equation on the interval (—oo,).

Non-Homogeneous Equations
A function y ,that satisfies the non-homogeneous differential equation
n n-1
a (x)u +a _1(x)d—i/
dx" dx"~
and is free of parameters is called the particular solution of the differential equation

d
+...+al(x)d_3xf+ao(x)y =g(x)
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Example 1
Suppose that
Yp =
Then y'[') =0
So that
yr+9y, =0+9(3)
=27
Therefore
Y, =3
is a particular solution of the differential equation
yp +9y, =27
Example 2
Suppose that
Yy, = X3 — x
Then y, =3x* -1, yr =6x
Therefore x2y'b +2xy', —8yp = x2 (6x)+ 2x(3x2 —1) —8(
= 4x3 1 6x
Therefore
yp —x3 _x

is a particular solution of the differential equation

x%y" +2xy’ —8y = 4x® + 6x

Complementary Function

The general solution
Yo =C1Y, TCYp +ooHC Y

of the homogeneous linear differential equation

X3—X

)
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d"y d"ty dy
(0% va, (08 Y o va (0 a0y =0

is known as the complementary function for the non-homogeneous linear differential
equation.

d" dnt d
a,(x) dxgl + an—l(X)Fn_i/ toeet al(x)d_i(/ +ay(x)y = g(x)
General Solution of Non-Homogeneous Equations

Suppose that
o The particular solution of the non-homogeneous equation

d"y d"ty dy
a, (X)dT + anfl(X)W +oot al(x)& +ay(x)y = g(x)
s ¥y
o The complementary function of the non-homogeneous differential equation

d" dnt d
8, () +a,, (X)L -+ ay (X)L + ay(x)y =0
dx dx

an—l

Ye =CY1 +Co¥Yo +-+CpY,.

o Then general solution of the non-homogeneous equation on the interval 1 is given

by
Y=YetYp
or
Y = C1Y1 (%) + €Yo (})+ -+ € Yo (}) + ¥, (¥) = yo () + v (x)
Hence
General Solution = Complementary solution + any particular solution.
Example
Suppose that
__ 11
P 12 2
! 1 " m
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3 2
d y3p —6d y2p +11dyp -6y, = O—O—E+E+3x = 3X
dx dx dx 2 2
Hence
_ 11
yp 12 2
is a particular solution of the non-homogeneous equation

3 2
M—6u+11ﬂ—6y = 3X
dx®  dx? dx

Now consider

Yo =c1e” + Coe2X 1 cae3X
Then
d
Ye _ ceX +2c,e2X +3cqeX
z
d
Je _ cieX +4c,e?X +9cqeX
d3x
d
Yo _ cie” +8c 02 + 27c5ex
dx®
Since,
d? d? d
);C -6 );C +11 Ye -6Y¢
dx dx dx

= ce" +8c,e” +27c,e’ - 6(cleX +4c,e” + 9cse3x)
+11(cleX +2c,7" + 303e3x)— 6(cleX +C,7% + cSeSX)
=12c,e* —12ce* +30c,e** —30c,e”* +60c,e> —60c,e*
=0

Thus y. is general solution of associated homogeneous differential equation

d’y _d’y . dy
Y 62V 1% _gy-0
dx® dx2+ dx Y

Hence general solution of the non-homogeneous equation is

11 1
—ceXtc,e?X e Tt

=y _ +
y=Y.+Y 12 2

p

Superposition Principle for Non-homogeneous Equations
Suppose that
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ypl,yp2 ,...,ypk
denote the particular solutions of the k differential equation
a, (X)y(n) +a,, (X)y(nil) Tt (X)y, +a, (X)y = gi (X)'
i=12,...k,onaninterval | . Then
= X)+ X)+ -+ X
Yp =Yp, (+yp, ()+-+yp ()

is a particular solution of

n n-1
an(x)y( ) +a _l(x)y( ) +-a(x)y +a, (x)y =g, (x)+ g, (x)+--+ g, (x)

Example
Consider the differential equation

y' =3y +4y = 16X + 24x -8+ 262X 4 2xeX _e*
Suppose that

yp1:_4X2, yp2 :ezx, yp3 :Xex
Then yn =3y, +4y, =—8+24x-16x’
Therefore y = _4x2

is a particular solution of the non-homogenous differential equation
y" -3y’ +4y=-16x*+24x -8
Similarly, it can be verified that

2X
y =e and y _ =xe
) P3

are particular solutions of the equations:

y’ —3y’ ' +4y = 2e**
and y"-3y'+ 4y = 2xe* —e*
respectively.

X

+y . +Yy :—4x2+e2X+xeX
P P, P, P,
is a particular solution of the differential equation

y" =3y +4y = -16x* + 24x -8+ 262X 4 2xeX _ X

Hence y =y

Exercise

Verify that the given functions form a fundamental set of solutions of the differential
equation on the indicated interval. Form the general solution.

11. y" -y -12y =0; e, e, (~o0,x)
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12. y"—2y'+5y=0; e*cos2x,e*sin2x, (—oo,o0)
13. X2y"+xy' +y=0; cos(lnx),sin(Inx), (0,)
14. 4y" -4y +y=0; e"? xe*'?, (—o0,)

15. x?y"—6xy'+12y =0; x°, x* (0,)

16. y" -4y =0; cosh2x, sinh2x, (—o0,)

Verify that the given two-parameter family of functions is the general solution of the non-
homogeneous differential equation on the indicated interval.

17. y"+y=secx, Y =C;COSX+Cysinx+xsinx+(cosx)in(cosx), (~z/2,71/2).

18. y' —4y'+4y=2e2X +4x-12, y=ce?* +cxe?* +x%?X +x—-2

2

19. y"—7y' +10y = 24eX, y=ce?* +c,e”* +6eX, (—o00)

-1/2

20. X2y +5xy' +y=%X2 =X, y=¢X +c2x_1+ix2—%x, (0,0)
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Lecture 15 Construction of a Second Solution

General Case
Consider the differential equation

2

d
2, (%)

We divide by a,(x) to put the above equation in the form

y" +P(X)y' +Q(x)y =0
Where P(x) and Q(x) are continuous on some interval | .

Z+a1(x>%+ao(x>y=o

Suppose that y,(x) # 0, ¥V x el is a solution of the differential equation
Then v, +Py, +Qy, =0
We define y=u(x)y, (X) then

y'=uy +yu’,y =uyl+ 2yl + yu”

y” + Py/ +Qy = u[ylﬂ + Pyll +Qy1]+ ylu” + (2y1/ + Pyl)u/ =0

Z€ero

This implies that we must have
y,u” + 2y, +Py)u’ =0
If we suppose w =u’, then
y, W + 2y, + Py )w=0
The equation is separable. Separating variables we have from the last equation
.dWW+(2y—1/+ P)dx =0

1
Integrating

In|w| + 2Iny,| = —I Pdx+c

In‘wylz‘ = —f Pdx+c
wy;” = Cle_j i

cle_I PaX
) )/12
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ce” | Pdx

Y12

or u' =

Integrating again, we obtain
e—dex
u=cy de +Cy
Y1
o~ Pdx
Hence y =u()y1(x) =c1y1(x) | ———dx+cay1(x).
Y1
Choosing c¢; =1andc, =0, we obtain a second solution of the differential equation
e | Pdx
Y2 =Yy1(%) —de
Y1

The Woolskin

—[Pdx

e
Y1 % 7 X

( - !

W (y; (x),y5 (x))= oI Pax o~ Pdx

ooy yiszx
1 Y1

_eIPAX g wx

Therefore y, (x) and y,(x) are linear independent set of solutions. So that they form a
fundamental set of solutions of the differential equation

y" +P(X)y' +Q(x)y =0
Hence the general solution of the differential equation is
y(x)=c¢; ¥ (X)+¢,y,(x)
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Example 1
Given that
Yy, =X
is a solution of
x’y" —3xy’ +4y =0

Find general solution of the differential equation on the interval (0, ).

Solution:
The equation can be written as

3 4
y =2y +—y=0,
X X

The 2™ solution vy, is given by

—J.de
€
Y2 = Y1(X) >—dx
Y1
3|d
(e I X/ X , elnx3

or Yo =X 7 dx =X X

X X

y, = xzjidx: x2In x
X

Hence the general solution of the differential equation on (0,oo) is given by

y=¢Y, +tCY,

or y=¢, X*+¢,x*Inx

Example 2
Verify that
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is a solution of
x°y" +xy’ +(x* =1/4)y =0

on (0, 7). Find a second solution of the equation.

Solution:
The differential equation can be written as

1 1
y" +;y/ +(1—R)y=0

The 2™ solution is given by

e—J.de
Ya=W1 ;—dx
Y1
[
_sinx| e"*

Therefore y, =

W | e
&

B —sinxJ X dx
Jx J xsin?x

_ ZSInXx jcscz xdx
Jx

—sin X COS X

= (-cotx) =——

NS ¥
Thus the second solution is
COS X
0

Hence, general solution of the differential equation is

(el

Order Reduction

Example 3
Given that
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y, =%
is a solution of the differential equation
XZy// _ 6y — 0’
Find second solution of the equation
Solution
We write the given equation as:
y// _ X_Z y — 0
6
So that P(x) = 3
Therefore
e—j Pdx
Y2 = Y1 | — X
Y1
- _[8
sle "
Y, =X de
6
3 e
Y, =X Fdx
Therefore, using the formula
e—j Pdx
Y2 = Y1 | — X
Y1
We encounter an integral that is difficult or impossible to evaluate.
Hence, we conclude sometimes use of the formula to find a second solution is not

suitable. We need to try something else.
Alternatively, we can try the reduction of order to find y, . For this purpose, we again
define
y(x)=u(x)y1(x) or y=u(x).x’
then

y' = 3x%u + X3’

y" = x3u” +6x%u’ +6xu
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Substituting the values of y, y"in the given differential equation

x2y" -6y =0
we have
X% (x3u" + 62U’ + 6xu) —6Ux° =0
or x°u” +6x%u" =0
6
or u"+—u'=0,
X
If we take w=u’then
W+ 2w=0
X

This is separable as well as linear first order differential equation inw. For using the
latter, we find the integrating factor

Jl
6| —dx
LF=e /X —gblnx_y®6

Multiplying with the IF = x® , we obtain

x®w' + 6x°w =0
d
or —(x’w) =0
dx
Integrating w.r.t. > X’, we have
xow=c,
C
or u ==
X
Integrating once again, gives
Cl
u= —5—5 + CZ
X
Therefore y=ux®=—2+¢,x°

g oL
2 = X2
Thus the second solution is given by
y, =~
2 = X2

Hence, general solution of the given differential equation is
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y=0CYy1 +CY>
ie. y:c1x3 +c2(1/x2)
Where c; and c,are constants.
Exercise
Find the 2™ solution of each of Differential equations by reducing order or by
using the formula.
Loy'-y' =0, vy =1
2. y'+2y'+y=0; y, =xe”
3. y"+9y=0; vy, =sinx
4, y"-25y=0; y, =e*
5. 6y"+y —y=0, vy, =e"?
6. x’y" +2xy' -6y=0; y,=x’
7. 4x°y"+y=0; y,=x"’Inx
8. A-x¥)y"-2xy'=0; 'y, =1
9. x°y" —3xy’ +5y=0; 'y, =x*cos(Inx)
10. @+x)y" +xy' —y=0; vy, =x
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Lecture 16 Homogeneous Linear Equations with Constant
Coefficients

We know that the linear first order differential equation

ﬂ+my:0

dx
m being a constant, has the exponential solution on (- oo, o)

y = Cle—mx
The question?

o The question is whether or not the exponential solutions of the higher-order
differential equations

any™ +a,_1y" D o vayy’ vy +agy =0,
exist on (— oo, ).

o Infactall the solutions of this equation are exponential functions or constructed
out of exponential functions.

Recall

That the linear differential of order n is an equation of the form

dny n—ly

d dy _
an(x)w(—n+an_1(x) ] Tty (x) g a0y =9(x)

Method of Solution
Taking n = 2, the nth-order differential equation becomes

d’y _ dy
—+a,—+4a,y=0
Yaxe x| oo
This equation can be written as
2
ad—¥+bﬂ+cy:0
dx dx

We now try a solution of the exponential form

a

y=e™
Then
y'=me™and y” = mZem
Substituting in the differential equation, we have
e™(am? +bm+c) =0
Since e™ %0, Vxe (— o0, oo)

Therefore am? +bm+c=0
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This algebraic equation is known as the Auxiliary equation (AE).The solution of the
auxiliary equation determines the solutions of the differential equation.

Case 1: Distinct Real Roots

If the auxiliary equation has distinct real roots m, and m,then we have the following two
solutions of the differential equation.

My X Moy X
yy=e L andy, =e 2
These solutions are linearly independent because

Y1 Y2
/

_ (my +my)x
=(m-> =m )e
Y1 Y2/ ( : !

W(y1,Y2) =

Since m; = myand e(™*™) o
Therefore W(y;,y,)# 0 Vx e (—o0,)

Hence

o y,andy, form a fundamental set of solutions of the differential equation.

o The general solution of the differential equation on (—oo,) is

y =ce™* +c eMX

Case 2. Repeated Roots

If the auxiliary equation has real and equal roots i.e

m=my, My with my =my

Then we obtain only one exponential solution

y = ce™

To construct a second solution we rewrite the equation in the form
b c
y'+=y'+—-y=0
a a
Comparing with y"+Py'+Qy=0

We make the identification
p_D
a

Thus a second solution is given by
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b
e—_[ Pdx e—gx
mX
Yo =V 5 dx=e 5 dx
Y1 e

Since the auxiliary equation is a quadratic algebraic equation and has equal roots

Therefore, Disc. =b? —4ac =0

We know from the quadratic formula

_ —b++/b?-4ac

m
2a
b
we have 2m=——
a
Therefore
mx eme mx
Yy, =€ JeZdex: xe

Hence the general solution is
y =cie™ +coxe™ = (¢ +cox)e™
Case 3: Complex Roots

If the auxiliary equation has complex roots « +if then, with
m=a+ifandm,=a—-ip
Where o >0 and S >0 are real, the general solution of the differential equation is
y = Cle(a+iﬂ)x N Cze(a—iﬁ)x
First we choose the following two pairs of values of ¢, andc,
Cp=Cy =1
cp=1cr, =-1
Then we have
Y = ela+if)x | o(a=-ip)x
Yo = e(a+iﬂ)x _e(a—iﬂ)x
We know by the Euler’s Formula that
e =cosf+ising, Oer
Using this formula, we can simplify the solutions y;and y,as

yp =e% (e +e7%) = 26% cos i
yp = (e — e = 2ie® sin px
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We can drop constant to write

y; =e®cosp, yo =e®sin s
The Wronskian
W(e“" cospx, € sin ,Bx)z Be?™ £0 VX

Therefore, e cos(B x), e sin(S x)

form a fundamental set of solutions of the differential equation on (—oo,0).

Hence general solution of the differential equation is

y =™ cos Bx +c,e” sin B

or y =e%(c, cos B +C, sin /X)
Example:
Solve
2y"-5y'-3y=0
Solution:

The given differential equation is

2y"—5y'-3y =0
Put y=e™
Then yr — memx1 yrr — m2emx

Substituting in the give differential equation, we have

(Zm2 —5m—3)emx =0
Sincee™ =0 V x, the auxiliary equation is
2m? -5m-3=0 as e™ %0

(2m+1)(m-3)=0=m= —%, 3
Therefore, the auxiliary equation has distinct real roots
1
m, =3 and m, =3

Hence the general solution of the differential equation is

y= Cle(—1/ 2)X i CZe3x
Example 2
Solve y"—10y'+25y =0
Solution:
We put y=e™

© Copyright Virtual University of Pakistan

144



16-Homogeneous Linear Equations with Constant Coefficients

Then y' =me™, y" = mZeMX

Substituting in the given differential equation, we have
(m? —10m+25)e™ =0
Sincee™ = 0V x, the auxiliary equation is
m2 —10m+25 =0
(m-5)2=0=>m=5,5
Thus the auxiliary equation has repeated real roots i.e
ml = 5 = m2
Hence general solution of the differential equation is
y =ce™ +cxe™
or y = (Cy +Cyx)e>X
Example 3
Solve the initial value problem
y"—4y'+13y =0
y(0)=-1, y'(0)=2
Solution:
Given that the differential equation
y'—4y'+13y =0
Put y=emX
Then y'=me™, y" = m2eM
Substituting in the given differential equation, we have:
(m? —4m+13)e™ =0
Sincee™ = 0Vx, the auxiliary equation is

m2 -4m+13=0

By quadratic formula, the solution of the auxiliary equation is

+ /16 —
m= # =243
Thus the auxiliary equation has complex roots
m1=2+3i, m2 =2—3i

Hence general solution of the differential equation is
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y =e?*(c, cos3x +c, sin3x)
Example 4
Solve the differential equations

(@) y'+k?y=0
(b) y'—k?y=0
Solution
First consider the differential equation
y"+ k2y =0,
Put y=e™
Then y' =me™ and y” =m2e™

Substituting in the given differential equation, we have:
(m2 +k2) e™ =0
Sincee™ = 0Vx, the auxiliary equation is
m?+k?=0
or m = ki,
Therefore, the auxiliary equation has complex roots
m; =0+ki, m, =0-Ki
Hence general solution of the differential equation is
y = C, CoskX+c, sinkx
Next consider the differential equation

d?y
~k’y=0

dx® Y
Substituting values y and y”, we have.

(mz _ kz}}mx ~0
Sincee™ = 0, the auxiliary equation is

m? —k? =0

= m=zk

Thus the auxiliary equation has distinct real roots
m = +k, my = —k
Hence the general solution is

y= clekX +02e_kx.

Higher Order Equations
If we consider nthorder homogeneous linear differential equation

dny dn—ly dy

a +ap_q +...+a1&+a0y:0

n
dx" dx" L
Then, the auxiliary equation is an nthdegree polynomial equation
-1

a,m" +a,_m"
Case 1: Real distinct roots

+...+aym+ag =0
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If the roots my, m,,...,m, of the auxiliary equation are all real and distinct, then the
general solution of the equation is

y=cie™* +ce™* + . +c e
Case 2: Real & repeated roots
We suppose that m, is a root of multiplicity n of the auxiliary equation, then it can be
shown that

eMX xeMX . xN~leMX
aren linearly independent solutions of the differential equation. Hence general solution of

the differential equation is
y =cie™ +coxe™* 4. +c,x"leMX

Case 3: Complex roots
Suppose that coefficients of the auxiliary equation are real.
o We fix nat6, all roots of the auxiliary are complex, namely

o ®if, aEif; axip;
= Then the general solution of the differential equation
y =e“*(c, cos B x+c¢, sin Bx) +e“*(c, cos B,X + ¢, Sin f3,X)
+€"%(C5 COS B,X +C; Sin f,X)
o If n=6, two roots of the auxiliary equation are real and equal and the remaining 4
are complex, namely o tif, arxifs
Then the general solution is
y =% (c) cos X + Cy sin BX) + €92 (C3 COS By X + Cq SiN BoX) + cse™* + coxe™X
o If m =a+if isacomplex root of multiplicity k of the auxiliary equation. Then
its conjugate m, =a —if is also a root of multiplicity k . Thus from Case 2 , the
differential equation has 2k solutions
e(a+iﬂ)x’ Xe(a+iﬁ)x' Xze(a+iﬁ)x’m,Xk—le(a+i,8)x
e(a—iﬁ)x’ xe(a—iﬂ)x, X2e(a—iﬂ)x’m,Xk—le(a—i,b’)x

o By using the Euler’s formula, we conclude that the general solution of the
differential equation is a linear combination of the linearly independent solutions

e® cos X, xe® cosf, x2e® cosf,...,x< Le® cos
e® sin A, xe® sin A, x2e® sin A, ..., xk e sin Ak

o Thusif k =3 then
y= e“x[(cl +CoX +c3x2)cos[)’x + (dl +doX+ d3X2)Sin ,Bx]

Solving the Auxiliary Equation

Recall that the auxiliary equation of nthdegree differential equation is nthdegree
polynomial equation

o Solving the auxiliary equation could be difficult
P.(m)=0, n>2
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o One way to solve this polynomial equation is to guess a root m;. Thenm—m; is a
factor of the polynomial P, (m) .

o Dividing with m —m, synthetically or otherwise, we find the factorization
Pn(m) = (m—my) Q(m)
o We then try to find roots of the quotient i.e. roots of the polynomial equation

Q(m) =0

o Notethatif m, = P is a rational real root of the equation

P(m)=0, n>2
then p is a factor of agand q ofa,.

o By using this fact we can construct a list of all possible rational roots of the
auxiliary equation and test each of them by synthetic division.

Example 1

Solve the differential equation
y"+3y"—-4y=0

Solution:

Given the differential equation

ym + 3y” _4y — 0
Put y=e™
Then y/ :memx’yll :mzemx and y/// :m3emx

Substituting this in the given differential equation, we have
(m3 +3m? —4)e™ =0
Since e™ %0

Therefore m3+3m2—4=0

So that the auxiliary equation is

m3 + 3m2 -4=0
Solution of the AE

If we take m =1 then we see that
m3+3m2-4=1+3-4=0
Therefore m =1 satisfies the auxiliary equations so that m-1 is a factor of the polynomial
m3 +3m? —4
By synthetic division, we can write

m3 + 3m?2 —4:(m—1)(m2 +4m+4)
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or m3+3m2—4:(m—1)(m+2)2
2
Therefore m3+3m2-4=0
= (M-D)(M+2)% =0
or m=1-2,-2
Hence solution of the differential equation is
y =cgeX +Cpe?X +caxe X
Example 2
Solve

3y"” +5y" +10y' —4y =0
Solution:
Given the differential equation

3y"” +5y" +10y' —4y =0

Put y=e™
Then y/ :memx’y// :mzemx and y/// _ m3(_:‘mx
Therefore the auxiliary equation is
3m3 +5m2 +10m-4=0
Solution of the auxiliary equation:
a) a, =-4and all its factors are:
p: +1,+2,+4
b) a, =3and all its factors are:
q: +1, £3
c) List of possible rational roots of the auxiliary equation is
E: -1’17-2’ 2’-4!4!__]-1£’__2’gl__4’£
q 333 3 33

d) Testing each of these successively by synthetic division we find
1/s3 5 10 -4
3 1 2 4
3 6 12 | 0

Consequently a root of the auxiliary equation is

m=1/3
The coefficients of the quotient are

3 6 12

Thus we can write the auxiliary equation as:

(m—1/3)(3m2 +6m +12): 0

m-L-0 o 3m2i6m+12=0
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Therefore m=1/3 or m=-1+i/3

Hence solution of the given differential equation is

y =ced/IX e~ X(02 C0s+/3X + €3 sin \/§x)
Example 3
Solve the differential equation

4
d Z/+2g+y=0
dx dx

Solution:
Given the differential equation

4
d—Z/ + 2% +y=0
dx dx
Put y=e™
Then y' =me™, y" = m2eM

Substituting in the differential equation, we obtain
(m4 +2m? +1) e™ =0
Sincee™ % 0, the auxiliary equation is

m* +2m2 +1=0

(m?+1)%=0
= m=di, *i
m=mg=i and my =my =—Ii

Thus iis aroot of the auxiliary equation of multiplicity 2 and sois—i.

Now a=0and g=1
Hence the general solution of the differential equation is
Ox[

y =e *[(c] +Cpx) cosx + (dy +doX)sin x|

or Y =C1 COS X + 0 SiN X+ CoXCOSX + do XSiN X
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Exercise

Find the general solution of the given differential equations.
1. y"-8y=0

y" =3y’ +2y=0

y' +4y' ~y=0

2y" -3y +4y =0

"

4y" +4y" +y' =0

y/// + 5y// — O

o o A W N

7. y" +3y" —4y' —12y=0
Solve the given differential equations subject to the indicated initial conditions.

8. y"+2y" -5y’ —6y=0, y(0)=y'(0)=0,y"(0)=1

4
0. zxf -0, y(0)=2,y'(0) =3,y (0) = 4,y" (0) =5
4y
10. Ot —y=0, y0)= y/(O) _ y”(O)zo, y”/(O)zl
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Lecture 17 Method of Undetermined Coefficients
Superposition Approach

Recall

1. That a non-homogeneous linear differential equation of order n is an equation of the
form

dny dn—ly dy
a +a +-4a,—+3a,y=09(x
n an n-1 an—l 1 dX oy g( )
The coefficients a,,a,,...,a,can be functions ofx. However, we will discuss

equations with constant coefficients.

2. That to obtain the general solution of a non-homogeneous linear differential equation
we must find:

o The complementary function Yoo which is general solution of the associated

homogeneous differential equation.
o Any particular solution y 0 of the non-homogeneous differential equation.

3. That the general solution of the non-homogeneous linear differential equation is given

by

General solution = Complementary function + Particular Integral

Finding
Complementary function has been discussed in the previous lecture. In the next three
lectures we will discuss methods for finding a particular integral for the non-
homogeneous equation, namely

o The method of undetermined coefficients-superposition approach

o The method undetermined coefficients-annihilator operator approach.
o The method of variation of parameters.

The Method of Undetermined Coefficient

The method of undetermined coefficients developed here is limited to non-homogeneous
linear differential equations

o That have constant coefficients, and
o Where the function g(x) has a specific form.

The form of g(x)
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The input function g(x) can have one of the following forms:
o A constant function K.
o A polynomial function
o An exponential function €
o The trigonometric functions sin(3 x), cos(S x)

o Finite sums and products of these functions.
Otherwise, we cannot apply the method of undetermined coefficients.

The method
Consist of performing the following steps.

Step 1
Step 2

Step 3
Step 4
Step 5
Step 6

Determine the form of the input function g(x) .
Assume the general form of yIO according to the form of g(x)

Substitute in the given non-homogeneous differential equation.
Simplify and equate coefficients of like terms from both sides.
Solve the resulting equations to find the unknown coefficients.
Substitute the calculated values of coefficients in assumed y 0

Restrictionon g ?
The input function gis restricted to have one of the above stated forms because of the

reason:

o The derivatives of sums and products of polynomials, exponentials etc are again
sums and products of similar kind of functions.

o The expression ayp”+byp’+cyp has to be identically equal to the input

function g(x) .
Therefore, to make an educated guess, Y, isassured to have the same formasg .

Caution!

o Inaddition to the form of the input function g(x) , the educated guess for yp must

take into consideration the functions that make up the complementary function Yer

o No function in the assumed yp must be a solution of the associated homogeneous

differential equation. This means that the assumed y,, should not contain terms

that duplicate terms in Yo

Taking for granted that no function in the assumed Y, is duplicated by a function in Yoo

some forms of g and the corresponding forms of y , are given in the following table.

Trial particular solutions
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Number | The input function g(x) The assumed particular solution yID
1 Any constant e.g. 1 A
2 5Xx+7 Ax+B
3 3x% -2 AX? + BX+C
4 x3—x+1 Ax3+Bx2+Cx+D
5 sin4x Acos4x+ Bsin 4x
6 C0S4x Acos4x+ Bsin 4x
7 e5X AedX
8 _ 9\a0X S5X
(9x—-2)e (Ax+B)e
9 w2a5X (AXZ + Bx+C)e®
10 e3X gin 4x Ae3X cosax + B e3X sin 4x
11 5x2 sin 4x (Alx2 +Bx+C,)cos4x+ (A2x2 +B,x+C,)sin4x
12 xe3X cosax (Ax + B)e3X cosdx + (Cx + D)e3X sin4x

If g(x)equals a sum?

Suppose that

o Theinput function g(x)consists of a sum of m terms of the kind listed in the
above table i.e.

g(x) = g1(x)+ g2 (x)+ -+ g (x)
o The trial forms corresponding to g4 (x), g5(x), ..., gy (x) be Yo, Yp, Y, -

Then the particular solution of the given non-homogeneous differential equation is
Yp=Y¥Yp, t¥p, 't ¥p,

In other words, the form of Yp is a linear combination of all the linearly independent

functions generated by repeated differentiation of the input function g(x) .
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Example 1
Solve y' +4y’ —2y =2x*> -3x+6

Solution:

Complementary function
To find Yoo we first solve the associated homogeneous equation

y" +4y’ -2y =0
We put y:emx’ y’:memx, y”:mzemx
Then the associated homogeneous equation gives

(m?+4m-2)e™ =0

Therefore, the auxiliary equation is
m?+4m-2=0 as e™ 20, Vvx
Using the quadratic formula, roots of the auxiliary equation are
m=-2+6
Thus we have real and distinct roots of the auxiliary equation
m, -—2-.6 and m, ——2+46
Hence the complementary function is

—(2+/6)x ‘e e(—2+\/€)x

y_ =ce

C
Next we find a particular solution of the non-homogeneous differential equation.

Particular Integral

Since the input function
g(x) = 2x% —3x+6

is a quadratic polynomial. Therefore, we assume that
Yp = Ax*+Bx+C
Then y, =2Ax+B and y," =2A
n / 2
Therefore y, +4y, -2y, =2A+8Ax+4B—-2Ax" -2Bx-2C

Substituting in the given equation, we have

2A+8AX+4B—2Ax* —2Bx—2C = 2x* —3x+6
or —2Ax* + (8A—2B)x+(2A+4B —2C) = 2x* —3x +6
Equating the coefficients of the like powers of X, we have
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-2A=2, 8A-2B=-3, 2A+4B-2C=6
Solving this system of equations leads to the values
A=-1 B=-572, C=-9.
Thus a particular solution of the given equation is

5
y, =—X’ —Ex—9.

Hence, the general solution of the given non-homogeneous differential equation is given
by

Y=Y, *tYp
(-2 +/6)x

2 —(2+/6)x

5
or y =—X —Ex—9+cle +Coe

Example 2
Solve the differential equation

y" —y' +y=2sin3x
Solution:

Complementary function
To find Yoo we solve the associated homogeneous differential equation

y// . y/ +y= 0
Put y=eMX yromeMX yr_ m2eMX
Substitute in the given differential equation to obtain the auxiliary equation
L
m?>-m+1=0 or mzl—'z‘/§

Hence, the auxiliary equation has complex roots. Hence the complementary function is

y. = o/ 2)x C, COS£X+ c, sin ﬁx
c 2 2

Particular Integral
Since successive differentiation of
g(Xx) =sin3x
produce sin3x and co0s3x
Therefore, we include both of these terms in the assumed particular solution, see table
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y 0 = Acos3x + Bsin 3x.
Then y'IO =—-3Asin 3x + 3B cos3x.
y”p =-9Ac0s3x —9Bsin 3x.

Therefore y," =y, +y, =(-8A—3B)cos3x + (3A—8B)sin 3x.
Substituting in the given differential equation

(-8A—-3B)cos3x + (3A—8B)sin3x = 0cos3x + 2sin 3x.
From the resulting equations

—-8A-3B=0, 3A-8B=2
Solving these equations, we obtain

A=6/73,B=-16/73
A particular solution of the equation is

y = £c053x — Esin 3x
P73 73
Hence the general solution of the given non-homogeneous differential equation is
y= e/ 2)X C Cosﬁx+c2 sin éx + 2 cosax—Osinax
2 2 73 73
Example 3
Solve y" =2y’ —3y = 4x -5+ 6xe*
Solution:

Complementary function
To find Yoo we solve the associated homogeneous equation

y// _2y/ _3y:O

Put y:emx, ylzme X’ yn=m2emx

Substitute in the given differential equation to obtain the auxiliary equation
m’-2m-3=0
= (mM+)Y(mM-3)=0
m=-13
Therefore, the auxiliary equation has real distinct root
m, =-1, m2 =3

m

Thus the complementary function is
_~Aa—X 3X
Yo =Ci& T Hc,eT.

Particular integral
Since g(x) = (4x—5)+6xe2x =0,(X)+9,(x)
Corresponding to g, (X) yIO =Ax+B
1
Corresponding to g, (x) yp =(Cx+ D)ezx
2
The superposition principle suggests that we assume a particular solution

Yp=Yp, *¥p,
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ie. yp:Ax+B+(Cx+D)e2X

Then y, = A+2(Cx+D)e?* +Ce?

y, =4(Cx+D) e2X 4 4ce?X

Substituting in the given
yp! —2y,/ ~3y, = 4Cxe +4De? +4Ce?* ~ 2A-4Cxe*

— 4De?* —2Ce?* —3Ax—3B —3CxeX —3De 2
Simplifying and grouping like terms

yp" —2y,' ~3y, =-3Ax—2A-3B -3Cxe?* + (2C - 3D)e?* = 4x—5+6xe? .
Substituting in the non-homogeneous differential equation, we have
—3Ax—2A—3B-3Cxe?* + (2C —3D)e?* = 4x—5+ 6xe>* + 062
Now equating constant terms and coefficients of X , xe?Xand e2* , We obtain
—-2A-3B=-5, -3A =4
-3C =6, 2C-3D=0
Solving these algebraic equations, we find
A=-4/3, B=23/9
C=-2, D =-4/3
Thus, a particular solution of the non-homogeneous equation is
Yp = —(4/3)x+(23/9) - 2 xe?* — (4/3)e*¥
The general solution of the equation is

y=Yc+Yp=Ce" X yce¥ —(4/3)x+(23/9) - 2x 2 - (4/3)e?*

Duplication between y, and y.?
a If a function in the assumed Yp is also present in y. then this function is a

solution of the associated homogeneous differential equation. In this case the
obvious assumption for the form of 'y, is not correct.

o In this case we suppose that the input function is made up of terms of nkinds i.e.
9(x) = 91(X) +g2(X) + -+ gn(x)
and corresponding to this input function the assumed particular solutionyyis
Yp =Yp, *¥p, -+ V¥p,
o Ifa Yp, contain terms that duplicate terms in y., then that Yp, must be multiplied

with x", n being the least positive integer that eliminates the duplication.

Example 4
Find a particular solution of the following non-homogeneous differential equation

y" —5y! 14y =8>
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Solution:

To find y,, we solve the associated homogeneous differential equation
y" -5y’ +4y =0
We puty = e™ in the given equation, so that the auxiliary equation is

m? —5m+4=0 = m=14

Thus ye =ce¥ +ce®
Since g(x) =8e*
Therefore, y, = Ae*

Substituting in the given non-homogeneous differential equation, we obtain

AeX —5Ae* +4Ae* =8eX
So 0=28e"
Clearly we have made a wrong assumption for Yp.aswe did not remove the duplication.

Since Ae” is presentiny. Therefore, it is a solution of the associated homogeneous
differential equation
y" —5y' +4y =0
To avoid this we find a particular solution of the form
yp = Axe”
We notice that there is no duplication between y. and this new assumption for y,

Now yp/ = Axe* + Ae*, yp” = Axe* + 2Ae*
Substituting in the given differential equation, we obtain
Axe* +2Ae* —5Axe” —5Ae* +4Axe* =8e*.

or —3Ae* =8e* = A=-8/3.
So that a particular solution of the given equation is given by
y, =—(8/3)¢"

Hence, the general solution of the given equation is

y=ce*+c,e” —(8/3) x e”

Example 5

Determine the form of the particular solution

@) y// —8y/ + 25y = 5xJe X —7¢ X
(b) y" +4y = xcosx.
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Solution:

(@) Tofind y; we solve the associated homogeneous differential equation
y" -8y +25y =0

Put y= eMX

Then the auxiliary equation is

m? —8m+25=0=>m=413;
Roots of the auxiliary equation are complex

ye = e (c, cos3x + ¢ sin 3x)
The input function is
g(x) =5x% X —7e ™% = (5x° —7)e ¥
Therefore, we assume a particular solution of the form
yp = (A3 + Bx? +Cx + D)e ™
Notice that there is no duplication between the terms in Yp and the terms inyc.
Therefore, while proceeding further we can easily calculate the value A, B,C andD.

(b) Consider the associated homogeneous differential equation
y" +4y=0

Since g(x) = xcosx

Therefore, we assume a particular solution of the form
Y, = (Ax+B)cosx+(Cx+ D)sin x

Again observe that there is no duplication of terms between y. and Yp

Example 6
Determine the form of a particular solution of

y" —y' +y=3x*—5sin 2x + 7xe**

Solution:
To find y¢, we solve the associated homogeneous differential equation
y// _ y/ +y=0
Put y = eMX
Then the auxiliary equation is
2 1+i/3

m--m+1l=0=>m=

2
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Therefore Yo = g1/ 2)x (cl cos? X+C2 sin ? XJ

Since g(x) =3x* =5sin2x + 7xe®* = g,(X) + g,(X) + g5(X)
Corresponding to g4 (x) = 3x2: Yp, = AX? +Bx+C
Corresponding to g, (x) = —5sin 2x: Yp, = Dcos2x + Esin 2x
Corresponding to g,(x) =7xe* : Yp, = (Fx+G) %

Hence, the assumption for the particular solution is
Yp=Yp *¥p, +Yp;

or Yp = AX? + Bx+C + D cos2x + E sin 2x + (Fx+G)e®*

No term in this assumption duplicate any term in the complementary function
ye =ce?X +cpe’

Example 7

Find a particular solution of
y// _2y/ +y=¢

Solution:

Consider the associated homogeneous equation
y' =2y’ +y=0

Put y=e™

Then the auxiliary equation is
m? —2m+1= (m—l)2 =0
=m =11
Roots of the auxiliary equation are real and equal. Therefore,

Yo =X +coxe”

Since g(x) =e*
Therefore, we assume that
y, = Ae*

This assumption fails because of duplication between y. and Yp- We multiply with X
Therefore, we now assume
yp = Axe*
However, the duplication is still there. Therefore, we again multiply with X and assume
Yp = AxZe*
Since there is no duplication, this is acceptable form of the trial y,,

1
Yp :Exzex

Example 8
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Solve the initial value problem
y” +y=4x+10sinx,

y(x) =0,y (z) =2

Solution

Consider the associated homogeneous differential equation
y' +y=0

Put y = emx

Then the auxiliary equation is

m?>+1=0=m==i
The roots of the auxiliary equation are complex. Therefore, the complementary function
IS

Yc =C1 COSX+Cp Sin X
Since g(x) =4x+10sin X = g1(x) + g2 (x)
Therefore, we assume that
Yp, =AX+B, yp, =Ccosx+ Dsinx
So that Yp = Ax+B+Ccosx+Dsinx

Clearly, there is duplication of the functions cosxandsin x . To remove this duplication
we multiply Yp, with x . Therefore, we assume that

Yp = Ax+B+C xcosx + Dxsin x.

y, =—2Csin x—Cxcos x + 2D cos x — Dxsin x

So that yp” +Yp = Ax+ B —2Csin x+2Dxcosx

Substituting into the given non-homogeneous differential equation, we have
Ax+ B —2Csin x +2Dx cosx = 4x+10sin x

Equating constant terms and coefficients of x ,sinx, xcosx, we obtain
B=0, A=4, -2C=10, 2D=0

So that A=4,B=0,C=-5 D=0

Thus y, = 4X—5XCc0osx

Hence the general solution of the differential equation is
Y =Yc +Yp =C1COSX+CpSiN X +4 X-5XCOSX

We now apply the initial conditions to find c; andcs.
y(r)=0=cycosz+Cysinz+4rxr—5rcosz =0

Since sinz =0,cosz =-1

Therefore =97

Now y/ =—97sin X+ Cy COSX + 4 +5Xsin X —5c0sX

Therefore y/ (r)=2=-9zsinz+cCypcosz+4+5xsinzr—5c0Sz =2
’ Co = 7.

Hence the solution of the initial value problem is
Yy =97 COSX + 7Sin X+ 4X —5X COSX.

Example 9
Solve the differential equation
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v —6y! 19y =6x2 +2-12e3
Solution:
The associated homogeneous differential equation is

y” —6y/ +9y=0
Put y =™
Then the auxiliary equation is
m?—6m+9=0=m=33
Thus the complementary function is
y, =c,e® +c,xe*
Since g(x) = (x? +2) —12e> = g1 (X) + g2 (X)
We assume that
Corresponding to g4 (X) = X2 +2: Yp, = AX? +Bx+C

- . 3
Corresponding to g, (X) = —12e3¥: Yp, = De”
Thus the assumed form of the particular solution is

Yp = Ax? + Bx+C + De*

3

The function e**in Y p, Is duplicated between y. andy,. Multiplication with x does not

remove this duplication. However, if we multiply Yp, with x2, this duplication is

removed.
Thus the operative from of a particular solution is
yp = AX? + Bx+C + Dx%e>
Then Y}, = 2AX+ B +2Dxe> +3Dx%e>*
and yr =2A+2De™ +6Dxe™ +9Dx’e™

Substituting into the given differential equation and collecting like term, we obtain
yp! —6y," +yp =9A%? + (-12A+9B)x+2A~6B + 9C + 2De> =6x? +2-12*

Equating constant terms and coefficients of X, x2 and e3 yields
2A—-6B+9C=2, -12A+9B=0
9A =6, 2D =-12
Solving these equations, we have the values of the unknown coefficients
A=2/3,B=8/9,C=2/3 and D=-6

Thus yp:gx2+§x+z—6x2e3x
3 9 3
Hence the general solution
2 8 2
Y=Yc+Yp= e +ooxe¥ + 2x% + —x+ = —6x%e>,

Higher —Order Equation
The method of undetermined coefficients can also be used for higher order equations of
the form
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dny dn—ly dy

a,—+a, , ——+..+a —+a,y=g(X
n an n-1 an_]_ 1 dX Oy g( )

with constant coefficients. The only requirement is that g(x) consists of the proper kinds
of functions as discussed earlier.

Example 10

Solve y
Solution:

To find the complementary function we solve the associated homogeneous differential
equation

" +y" =e*cosx

y/// + y// — O
Put y=e™ y =me™, y" = m2e™
Then the auxiliary equation is
m3+m? =0
or m2(m+1):0:>m=0,0,—1

The auxiliary equation has equal and distinct real roots. Therefore, the complementary
function is

Yo =Cy +CoX+Cge
Since g(x) =e*cosx
Therefore, we assume that
Y, = Ae* cosx + Be" sin x
Clearly, there is no duplication of terms between y. and Yp-
Substituting the derivatives of y, in the given differential equation and grouping the like
terms, we have
y," +y," =(-2A+4B)e* cosx+ (-4A—2B)e” sin x =e* cosx.
Equating the coefficients, of e* cosx and e* sin x, yields
—2A+4B=1-4A-2B=0
Solving these equations, we obtain
A=-1/10,B=1/5
So that a particular solution is
Yp =C1+CoX+Cge " —(1/10)e* cosx+ (1/5)e* sin x
Hence the general solution of the given differential equation is
Yp =Cp +CoX+Cge " —(1/10)e™ cosx + (1/5)e™ sin x

Example 12

Determine the form of a particular solution of the equation
yun + ym — 1_e—X

Solution:

Consider the associated homogeneous differential equation
yHH + ylll — 0

The auxiliary equation is
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m*+m3=0=m=0,0,0,-1
Therefore, the complementary function is

Ye = C1 +CoX+CaX2 +Cqe ¥

Since g(x) =1-e* = g (x) + g2 (%)
Corresponding to g; (x) =1: Yp,=A

X

Corresponding to g, (x) = —e~*: Yp, =Be*

Therefore, the normal assumption for the particular solution is
X

yp = A+Be

Clearly there is duplication of
0] The constant function between y. and Ypy:

(i) The exponential function e~ * between Yy and Yp,:
To remove this duplication, we multiply yplwith x3 and Yp, with x . This duplication

can’t be removed by multiplying with X and X2 Hence, the correct assumption for the
particular solution 'y, is

Yp = AxS + Bxe X

Exercise

Solve the following differential equations using the undetermined coefficients.

1. %y”+y’+y:x2+2x

2. y" 8y’ + 20y =100x? — 26xe*

3.y 13y =—48x2e%

4, 4y" —4y' —3y=cos2x

5. y" +4y=(x*-3)sin2x

6. y' -5y =2x*—4x* —x+6

7. y" -2y’ +2y =e?(cosx—3sin x)
Solve the following initial value problems.

8. y'+4y'+4y=(B+xe™, y(0)=2y'(0)=5
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d?x

9. o +o’x=F,cosyt,  x(0)=0,x'(0)=0

10. y" 18y =2x-5+872%, y(0)=-5, y/(0)=3,y"(0)=—4
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Lecture 18 Undetermined Coefficient: Annihilator
Operator Approach

Recall

1. That a non-homogeneous linear differential equation of order n is an equation of the
form

d ny d n—ly dy
ap ——+an_ +--+a;—+agy =0g(X
N O 1 gy F20Y=9()
The following differential equation is called the associated homogeneous equation
n n-1
an d y+an_1d y+---+a1ﬂ+a0y=0
dx" dx" 1 dx

The coefficients a,,a,,...,a,can be functions ofx. However, we will discuss
equations with constant coefficients.

2. That to obtain the general solution of a non-homogeneous linear differential equation
we must find:
o The complementary function Yoo which is general solution of the associated

homogeneous differential equation.
o Any particular solution y 0 of the non-homogeneous differential equation.

3. That the general solution of the non-homogeneous linear differential equation is given
by

General Solution = Complementary Function + Particular Integral

o Finding the complementary function has been completely discussed in an earlier
lecture

o In the previous lecture, we studied a method for finding particular integral of the
non-homogeneous equations. This was the method of undetermined coefficients
developed from the viewpoint of superposition principle.

o In the present lecture, we will learn to find particular integral of the non-
homogeneous equations by the same method utilizing the concept of differential
annihilator operators.

Differential Operators
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o In calculus, the differential coefficient d/dx is often denoted by the capital letter
D. So that

dy
2-pD
dx y

The symbol D is known as differential operator.

o This operator transforms a differentiable function into another function, e.g.
D(e*) = 4e**, D(Bx3 —6x2) =15x% —12x, D(c0s2X) = —2sin 2X

o The differential operator D possesses the property of linearity. This means that if
f, g are two differentiable functions, then
D{af (x) + bg(x)}= aDf (x) + bDg(x)
Where a and b are constants. Because of this property, we say that D is a linear
differential operator.

o Higher order derivatives can be expressed in terms of the operator D in a natural

manner:
d?y d(d
dex dx\dx

Similarly
3 n
OI—;/:D3y,...,u=D”y
dx d"x

o The following polynomial expression of degree n involving the operator D
a,D"+a, D" 1+...+aD+ag

is also a linear differential operator.
For example, the following expressions are all linear differential operators

D+3, D?+3D-4,5D%-6D? +4D

Differential Equation in Terms of D

Any linear differential equation can be expressed in terms of the notation D . Consider a
2" order equation with constant coefficients

ay” +by’ +cy =g(x)

2
Since ﬂsz,uzDzy
dx d)(2

Therefore the equation can be written as
aD2y+bDy+cy =g(x)
or (aD” +bD +¢)y = g(X)

Now, we define another differential operator L as
L=aD? +bD+c
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Then the equation can be compactly written as
L(y) = 9(x)
The operator L isa second-order linear differential operator with constant coefficients.

Example 1
Consider the differential equation

y" +y +2y=5x-3
Since ﬂ = Dy,d—2y

dx d)(2
Therefore, the equation can be written as

(D? +D+2)y =5x—3
Now, we define the operator L as

L=D?+D+2
Then the given differential can be compactly written as
L(y)=5x-3

Factorization of a differential operator

o An nth-order linear differential operator
L=a,D" +a, 4D" 1+ -+aD+ag
with constant coefficients can be factorized, whenever the characteristics

polynomial equation

L=a,m" +a, ;m" 1+ -+am+ag

can be factorized.

a The factors of a linear differential operator with constant coefficients commute.

Example 2

€)] Consider the following 2™ order linear differential operator
D®+5D+6
If we treat D as an algebraic quantity, then the operator can be factorized as
D? +5D+6= (D +2)(D +3)
(b) To illustrate the commutative property of the factors, we consider a twice-
differentiable function y = f (x). Then we can write

(D? +5D+6)y =(D+2)(D+3)y =(D+3)(D+2)y

To verify this we let
w=(D+3)y=y' +3y

Then

(D+2)w =Dw+2w
or (D+2)w =(y” +3y/)+(2y/ +6Y)
or (D+2)w= y” +5y/+6y
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or (D+2)(D+3)y = y" +5y/+6y

Similarly if we let
w=(D+2)y=(y' +2y)

Then (D+3)w= DW+3W:(y// +2y/)+(3y/ +6Y)
or (D+3)w= y” +5y/+6y
or (D+3)(D+2)y=y" +5y/+6y

Therefore, we can write from the two expressions that
(D+3)(D+2)y=(D+2)(D+3)y

Hence (D+3)(D+2)y=(D+2)(D+3)y

Example 3
(a) The operator D2 —1 can be factorized as
D?2-1= (D+1)(D-1).
or D2-1 = (D-1)(D+1)

(b) The operator D? + D +2 does not factor with real numbers.

Example 4

The differential equation
y'+4y'+4y=0

can be written as
(D?+4D+4)y=0

or (D+2)D+2)y=0

or (D+2)y=0.
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Annihilator Operator

Suppose that
o L isa linear differential operator with constant coefficients.
oy =f(x) defines a sufficiently differentiable function.
o The function fis such that L(y)=0
Then the differential operator L is said to be an annihilator operator of the function f.

Example 5
Since

Dx=0, D?x=0, D°x? =0, D*x® =0
Therefore, the differential operators
D, D%, D3, D4, ..

are annihilator operators of the following functions

k(aconstand, x, X2, xS, ...

In general, the differential operator D" annihilates each of the functions
1, %x2,..., x"1
Hence, we conclude that the polynomial function
Co +CX+++Cp_gX" 7
can be annihilated by finding an operator that annihilates the highest power of x.

Example 6

Find a differential operator that annihilates the polynomial function
y =1-5x2 +8x5.

Solution

Since D*x*® =0,

Therefore D4y= D4(1—5x2 +8x3)=0.

Hence, D? is the differential operator that annihilates the function y.

Note that the functions that are annihilated by an nth-order linear differential operator L
are simply those functions that can be obtained from the general solution of the

homogeneous differential equation
L(y)=0.

Example 7
Consider the homogeneous linear differential equation of order n

(D-a)"y=0
The auxiliary equation of the differential equation is
(m-a)" =0
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= m=a,,...,a (N times)

Therefore, the auxiliary equation has a real root « of multiplicityn. So that the
differential equation has the following linearly independent solutions:

e X xeX x2gaX  yN-laax

Therefore, the general solution of the differential equation is

ax ax 2_.ax n-1_ox
y=Ce" +CyXe"" +C3X7e”" +---+CpX e

So that the differential operator
(D-a)"

annihilates each of the functions

a X

aX

aX (2.0X n—leax

e T, xem T, Xxrem .., X

Hence, as a consequence of the fact that the differentiation can be performed term by
term, the differential operator

(D-a)"

annihilates the function

ax ax 2 oX n-1_.oax
y=C ™" +C,xe™" +CXe™" +---4 X e

Example 8

Find an annihilator operator for the functions
(a) f(x) =™

(b) g(x) = 462X —pxe?*
Solution

(@) Since

(D-5)e™X =5e°X —5e>X =,
Therefore, the annihilator operator of function f is given by
L=D-5
We notice that in thiscasea =5, n=1.

(b) Similarly
(D-2)? (4e2x —6xe2X)= (D? —4D +4)(4e>*) — (D? — 4D + 4) (6%e>)
or  (D-2)2(4e?* —6xe?* J=306?X ~326%* + 48xe?* — dBxe?* + 24?* — 24e?*
or (D—2)2(4e2X —6xe2x): 0
Therefore, the annihilator operator of the function g is given by
L=(D-2)?
We notice that in this case =2 =n.

Example 9
Consider the differential equation
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(D2 —2aD+(a2 +ﬁ2))ny:0
The auxiliary equation is
(m2 —2am+(a2 +,82))n =0

= m2—20zm+052+,b’2 =0

Therefore, when «, £ are real numbers, we have from the quadratic formula

_ Zai\/4a2 —4(052 +ﬂ2)
2

m

=axif

Therefore, the auxiliary equation has the following two complex roots of multiplicity n.

m=a+iff, my=a—-if

Thus, the general solution of the differential equation
following linearly independent solutions

e%X cos Bx, xe®X cos BX, x2e®X cos BX, -
e?Xsin Bx, xe®* sin Bx, x2%%*sin Bx, --

Hence, the differential operator
(D2 —2aD+(a2 +ﬂ2))“
is the annihilator operator of the functions
e%X cos Bx, Xe®X cos Bx, x%e%X cos BX,

e%Xsin Bx, xe®Xsin Bx, x%e%Xsin Bx,

Example 10
If we take

a=-1 f=2,n=1
Then the differential operator

(D2 —2aD+(a2 +,82))n
becomes D% +2D+5.

Also, it can be verified that
D2 +2D+5)e *cos2x =0

D2 +2D+5)e Xsin2x=0

Therefore, the linear differential operator

D2+2D+5
annihilates the functions

is a linear combination of the

-, X" e o5 Bx

n—leax

. X sin X

<o, XN 1@ o5 Bx
-, X" 12X sin Bx
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y1(x)=e"* cos2x

yo(x)=e"*sin2x

Now, consider the differential equation
(0% +2D+5)y =0

The auxiliary equation is
m? +2m+5=0
=>m=-1+2i

Therefore, the functions
y1(x)=e "X cos2x
yo(x)=e"*sin2x

are the two linearly independent solutions of the differential equation
(D2 +2D+5)y=0,

Therefore, the operator also annihilates a linear combination of y; and y,, e.g.

5y; —9ys =5e % cos 2x —9e % sin 2x.

Example 11
If we take
a=0 =1, n=2

Then the differential operator

(D2 —2aD+(a2 +,82))n
becomes

(D? +1)%2 =D* +2D? +1

Also, it can be verified that
(D4 +2D? +1)cosx =0
(0* +2D2 +1)sinx =0
and
(D4 +2D? +1)xcosx =0
(0% +2D2 +1ksinx =0
Therefore, the linear differential operator

D% +2D% +1
annihilates the functions
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COS X, sin X
XCOSX, XSinXx

Example 12
Takinga =0, n =1, the operator

(D2 —2aD+(a2 +,82))n
becomes

D? + g2

Since (D2 +ﬁ2)cosﬁx:—,82 cosﬁx+,6’2 cospx=0
(D2+ﬁ2kmﬁx=—ﬂ2gnﬁx+ﬁzgnﬁx=o

Therefore, the differential operator annihilates the functions
f(x)=cosgx, g(x)=sinpgx

Note that
o If alinear differential operator with constant coefficients is such that

L(y1)=0.  Lly2)=0
i.e. the operator Lannihilates the functions yjand y,. Then the operatorL
annihilates their linear combination.

Llcyya () +coy,(x)]=0.
This result follows from the linearity property of the differential operator L .

o Suppose that Lyand L, are linear operators with constant coefficients such that
Li(y1)=0, La(y2)=0

and Li(y2) =0, La(y1)=0

then the product of these differential operators L;L, annihilates the linear sum
y1(x)+y2 (%)

So that LiLo[y1 () + y2(x)]=0

To demonstrate this fact we use the linearity property for writing
Lilo(y1 +Y2)=Lika(yr)+ LiLa(y2)

Since L, =Ly

therefore Lilo(ys+Y2) = LaLa(yr)+LiLa(y2)

or LiLo(ya+Y2) = Lolla(yo)]+ LalLlo (¥2)]

Butwe knowthat  Ly(y;)=0, Ly(yp)=0

Therefore LiLy(yy +y2)=Ly[0]+ L4[0] =0
Example 13

Find a differential operator that annihilates the function
f(X)=7—-Xx+6sin3x
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Solution
Suppose that
Y1(X) =7 =X, Yo(X)=6sin3x
Then
D%y () -D%(7-x) =0
(D2 +9)y,(x) = (D2 +9)sin 3x=0
Therefore, DZ(D2 +9) annihilates the function f (x).
Example 14

Find a differential operator that annihilates the function
f(x) =63 4 xeX

Solution
Suppose that

yi(x) =673, y,(x)=xe¥
Then

(D+3)y; = (D+3)e™> =p,
(D-1)?y, = (D-1)>xe* =0.

Therefore, the product of two operators
(D+3)D-1)?

annihilates the given function  f (x) = e~>X + xe*

Note that
o The differential operator that annihilates a function is not unique. For example,

(D-5)e> =0,
(D-5)(D+1)e>* =0,

(D-5)D%> =0
Therefore, there are 3 annihilator operators of the functions, namely
(D-5), (D-5)(D+1), (D-5)D?

o When we seek a differential annihilator for a function, we want the operator of
lowest possible order that does the job.

Exercises

Write the given differential equation in the form L(y)= g(x), where Lis a differential
operator with constant coefficients.

1. ﬂ+5y:9sinx
dx
2. 4ﬂ+8y=x+3
dx
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3 2
3 9 _ 4% 5,
dx®  dx?  dx
d’y _d%  _dy
4, ——-2——+7——-6y=1-sinx

a3  dx?  dx

Factor the given differentiable operator, if possible.

5. 9D% -4

6. D?-5

7. D°®+2D?%-13D +10
8. D*-8D?+16

Verify that the given differential operator annihilates the indicated functions
9. 2D-1; y=4e¥?
10. D* + 64; y=2C0S8x-55in 8x

Find a differential operator that annihilates the given function.

11. x + 3xe%*
12. 1+sinX
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Lecture 19 Undetermined Coefficients: Annihilator
Operator Approach

The method of undetermined coefficients that utilizes the concept of annihilator operator
approach is also limited to non-homogeneous linear differential equations

o That have constant coefficients, and

o  Where the function g(x) has a specific form.

The form of g(x) :The input function g(x) has to have one of the following forms:

o A constant functionk .
o A polynomial function

o An exponential function eX

o The trigonometric functions sin( 3 x), cos(f x)
o Finite sums and products of these functions.
Otherwise, we cannot apply the method of undetermined coefficients.

The Method

Consider the following non-homogeneous linear differential equation with constant
coefficients of order n

dny dn—ly dy
—24a,,——+-+a—+3a,y = g(X
n an n-1 an,]_ 1 dX Oy g( )

If L denotes the following differential operator

a

L=a,D"+a, (D" 1+ +aD+a,
Then the non-homogeneous linear differential equation of order n can be written as

L(y) =9(x)
The function g(x)should consist of finite sums and products of the proper kind of
functions as already explained.

The method of undetermined coefficients, annihilator operator approach, for finding a
particular integral of the non-homogeneous equation consists of the following steps:

Step 1 Write the given non-homogeneous linear differential equation in the form
L(y) =9(x)
Step 2 Find the complementary solution Y. by finding the general solution of the
associated homogeneous differential equation:
L(y)=0
Step 3 Operate on both sides of the non-homogeneous equation with a differential
operator Ly that annihilates the function g(x).
Step 4 Find the general solution of the higher-order homogeneous differential equation
LiL(y) =0
Step 5 Delete all those terms from the solution in step 4 that are duplicated in the
complementary solutiony,, found in step 2.
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Step 6 Form a linear combination Y, of the terms that remain. This is the form of a
particular solution of the non-homogeneous differential equation

L(y)=9(x)
Step 7 Substitute ¥, found in step 6 into the given non-homogeneous linear differential
equation
L(y) = 9(x)

Match coefficients of various functions on each side of the equality and solve the
resulting system of equations for the unknown coefficients iny, .

Step 8 With the particular integral found in step 7, form the general solution of the given
differential equation as:

Y=Y +tY,

Example 1
2
Solve d Z+3ﬂ+2y:4x2.
dx dx
Solution:
2

Step 1 Since Q:D , u:Dzy

dx dx?

Therefore, the given differential equation can be written as
(D2 +3D+2 )y =4x2

Step 2 To find the complementary function y., we consider the associated homogeneous

differential equation
(D2+3D+2)y=0

The auxiliary equation is
m’ +3m+2=(m+1)(m+2)=0
= m =-1-2

Therefore, the auxiliary equation has two distinct real roots.
m=-1,m,=-2,

Thus, the complementary function is given by

Yo =C1€ X 4 cye” 2X
Step 3 In this case the input function is

g(x) = 4x°
Further D3g(x) =4D%x? =0

Therefore, the differential operator D3 annihilates the function g . Operating on both sides
of the equation in step 1, we have

D3(D? +3D +2)y = 4D3x?
D3(D? +3D +2)y=0
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This is the homogeneous equation of order 5. Next we solve this higher order equation.

Step 4 The auxiliary equation of the differential equation in step 3 is
m®(m? +3m+2)=0
m3(m+1)(m+2) =0
m=0,0,0,-1,—-2

Thus its general solution of the differential equation must be

Y =Cy +CpX+CaXx? +Cge % + X

Step 5 The following terms constitute y,
cie X +cge X

Therefore, we remove these terms and the remaining terms are
C +CoX+ C3X2

Step 6 This means that the basic structure of the particular solution Yp is
Yp = A+ Bx+Cx2,

Where the constantsc, , ¢, and c, have been replaced, with A, B, and C, respectively.

Step 7 Since yp = A+ Bx+Cx?
y!, = B +2Cx,
y, =2C
Therefore Yl +3y} +2y, =2C +3B + 6Cx + 2A+ 2Bx+ 2Cx
or Yy +3Y} +2yp = (2C)x? + (2B + 6C)x + (2A+3B + 2C)

Substituting into the given differential equation, we have
(2C)x? + (2B + 6C)X + (2A+3B +2C) = 4x% + 0x +0
Equating the coefficients of X2 , X and the constant terms, we have
2C = 4
2B + 6C =0

2A+3B+2C =0
Solving these equations, we obtain
A=7, B=-6 C=2

Hence Yp =7 —6x+2x2
Step 8 The general solution of the given non-homogeneous differential equation is
Y=Yc+VYp

y=cie X +cre X +7-6x+2x°

Example 2
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2
Solve d—y—3ﬂ —8e3 4+ 4sin x
dx2 dx
Solution:
2
Step1l Since ﬂ = Dy, u = D2y

dx dx2
Therefore, the given differential equation can be written as

(D2 —3D)y = 863X + 4sin x

Step 2 We first consider the associated homogeneous differential equation to find y.
The auxiliary equation is
m(m-3)=0=m=0,3
Thus the auxiliary equation has real and distinct roots. So that we have
Ye=C + Cze3x
Step 3 In this case the input function is given by
g9(x) =8> +4sinx
Since (D-3)(8e%) =0, (D? +1)(4sinx) =0
Therefore, the operators D—3 and D® +1 annihilate 8 and 4sin x , respectively. So
the operator (D —3)(D2 +1) annihilates the input function g(x). This means that
(D—-3)(D? +1)g(x) = (D—3)(D? +1) (8> +sinx) =0
We apply (D —3)(D? +1) to both sides of the differential equation in step 1 to obtain
(D-3)(D? +1)(D? -3D)y =0.
This is homogeneous differential equation of order 5.

Step 4 The auxiliary equation of the higher order equation found in step 3 is
(m—=3)(m? +1)(m* -3m) =0
m(m-3)°(m* +1) =0
=>m=0, 3 3, +i

Thus, the general solution of the differential equation

y =c; +Ce> +caxe + ¢y cosX + Cg Sin X

Step 5 First two terms in this solution are already present in y.

cy +Cpe X

Therefore, we eliminate these terms. The remaining terms are

caxe>X + ¢4 COS X+ Cg Sin X

Step 6 Therefore, the basic structure of the particular solution 'y, must be

Yp = Axe®* + Bcosx + Csin x
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The constants c3 c4and cghave been replaced with the constants A, BandC,
respectively.

Step 7 Since Yp = Axe®* + Bcosx + Csin x

Therefore Yp—3Yp = 3Ae3X 4+ (-B-3C)cosx+(3B—C)sin x
Substituting into the given differential equation, we have

3Ae +(—B—3C)cosx+(3B—C)sin x =83 +4sinx.
Equating coefficients of 3%, cosx andsin x , we obtain

3A=8 -B-3C=0,3B-C=4

Solving these equations we obtain
A=8/3, B=6/5 C=-2/5

yp =—Xe™" +—-CO0SX——=SInX.
3 5 5

Step 8 The general solution of the differential equation is then

_ 3x,8,.3x 6 2 .

Y =0 +Ce™ +2Xe™ +ZCOSX—¢SINX.
Example 3

dzy —X
Solve —2+8y=5x+26 .

dx
Solution:

Step 1 The given differential equation can be written as
(D? +8)y =5x+2e X

Step 2 The associated homogeneous differential equation is
(D? +8)y =0
Roots of the auxiliary equation are complex

m=+2y2i
Therefore, the complementary function is

Ve = cos2v/2 X +Cp Sin 242 x

Step 3 Since D?x=0, (D+1)e X =0

Therefore the operators D? and D +Zlannihilate the functions 5x and2e™. We apply
D*(D +1) to the non-homogeneous differential equation

D*(D+1)(D*+8)y=0.
This is a homogeneous differential equation of order 5.

Step 4 The auxiliary equation of this differential equation is
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m?(m+1)(m? +8) =0
—=m=0,0,-1,+22i
Therefore, the general solution of this equation must be
Y = C; COS 242X +Cy SiN 242X +C3 +C4X +C5e %

Step 5 Since the following terms are already presentin y.

¢, €05 2+/2x + ¢, sin 2+/2x
Thus we remove these terms. The remaining ones are

C3 +CyX+Cge

Step 6 The basic form of the particular solution of the equation is
X

yp =A+Bx+Ce"
The constants cg3,c4and cghave been replaced with A,BandC .

X

Step 7 Since yp =A+Bx+Ce"

Therefore yp +8yp =8A+8Bx+9Ce ™
Substituting in the given differential equation, we have
8A+8Bx+9Ce X =5x+2e %

Equating coefficients of x, e”*and the constant terms, we have
A=0,B=5/8 C=2/9

5 2

Thus =—X+—¢

Yp=g "y
Step 8 Hence, the general solution of the given differential equation is

Y=Yc*VYp
or y=clcoszﬁx+czsin2J§x+§x+§e‘x.
Example 4

2

Solve d—2y+y:xcosx—cosx

dx
Solution:

Step 1 The given differential equation can be written as
(D2 +1)y = XCOSX — COSX

Step 2 Consider the associated differential equation
(D? +1)y=0
The auxiliary equation is
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m?+1=0 =>m=+i

Therefore Y. =C, COSX +C, Sin X
Step 3 Since (D? +1)*(xcosx) =0
(D*+1)°cosx=0 ; -~ x=0

Therefore, the operator (D? +1)*annihilates the input function
XCOS X — COS X

Thus operating on both sides of the non-homogeneous equation with (D? +1)?, we have
(D* +1)*(D*+1)y =0

or (D*+1)°%y=0

This is a homogeneous equation of order 6.

Step 4 The auxiliary equation of this higher order differential equation is
m? +)3 =0=m=i,i,i,—i,—i,—i
Therefore, the auxiliary equation has complex roots1, and —1I both of multiplicity 3. We
conclude that
Yy = C, COSX + C, SiN X + C,X COS X + C,XSiN X + C,X* COS X + C,X” Sin X

Step 5 Since first two terms in the above solution are already present in y.

C, COSX +C, Sin X
Therefore, we remove these terms.

Step 6 The basic form of the particular solution is
Yp = AXcosx + Bxsinx + Cx? cosx + Ex? sin

Step 7 Since Yp = AXcosx + Bxsin x + Cx2 cosx + Ex? sin x

Therefore
y'l’O +Yp =4EXcosx —4Cxsinx + (2B +2C)cosx + (—2A+ 2E)sin x
Substituting in the given differential equation, we obtain
4Excosx —4Cxsin x+ (2B + 2C)cosx + (—2A+ 2E) sin X = XCOSX — COSX
Equating coefficients of xcosx, xsin x,cosx and sin x, we obtain
4E = 1 -4C =0
2B+2C=-1, —-2A+2E=0
Solving these equations we obtain
A=1/4, B=-1/2,C=0, E=1/4

Thus Yp zlxcosx—ixsinx+£xzsinx
2 4

4

Step 8 Hence the general solution of the differential equation is

2

, 1 1 . 1 .
y:clcosx+czsmX+Zxcosx—5xsmx+Zx sinXx.
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Example 5
Determine the form of a particular solution for
2
a%y L%, y =10e "% cosx
dx2 dx
Solution

Step 1 The given differential equation can be written as
(D? —2D +1)y =10e~X cosx

Step 2 To find the complementary function, we consider
y'—-2y'+y=0

The auxiliary equation is
m?2-2m+1=0=m-1)%2=0=>m=11

The complementary function for the given equation is
Yo =X +coxe”

Step 3 Since (D2 +4D +5)e > cosx =0

Applying the operator (D?+4D +5) to both sides of the equation, we have
(D?* +4D +5)(D* -2D +1)y =0

This is homogeneous differential equation of order 4.

Step 4 The auxiliary equation is
(M? +4m +5)(m? —=2m+1) =0
= m=-2+i,11
Therefore, general solution of the 4™ order homogeneous equation is
y =ce% +coxeX +cge X cos X+ 482X sin X
Step 5 Since the terms c,e* +c,xe” are already present in y,, therefore, we remove these

and the remaining terms are c3e_2X COSX + c4e_2X sin x

Step 6 Therefore, the form of the particular solution of the non-homogeneous equation is
Yp = Ae X cosx + Be X sin x

Note that the steps 7 and 8 are not needed, as we don’t have to solve the given
differential equation.

Example 6
Determine the form of a particular solution for
3 2
A7y 497 4 W 52 gy ax2e2X 4 365K,
dx®  dx®  dx
Solution:

Step 1 The given differential can be rewritten as
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(0% -4D2 +4D)y =5x? - 6x-+ 4x%e2* + 3

Step 2 To find the complementary function, we consider the equation
(D3 —4D? +4D)y =0

The auxiliary equation is
m3 —4m? +4m=0
m(m? —4m+4) =0

mm-2)°>=0=m=0,2,2

Thus the complementary function is

Yo =€ +Cpe?X +caxe

Step 3 Since g(x) =5x% —6x + 4x2e?* + 3>
Further D*(5x* -6x) =0

(D—-2)*x%* =0

(D—-5)e™ =0

Therefore the following operator must annihilate the input function g(x) . Therefore,
applying the operator D*(D —2)*(D —5) to both sides of the non-homogeneous equation,
we have

D*(D-2)*(D-5)(D®-D*+4D)y=0
or D*(D-2)°(D-5)y=0
This is homogeneous differential equation of order 10.

Step 4 The auxiliary equation for the 10" order differential equation is
m*(m-2)°(m-5)=0
=m=0,0,0,0,2,2,2,2,25

Hence the general solution of the 10" order equation is

2 2,2 3,2 4.2

Y =Cq +CpX+CaX? +C4X° +C5e?* +cgxeX +c7x%e?* +cgx’eX +cox’e o

X +C0€

Step 5 Since the following terms constitute the complementary function y., we remove

these ¢y +cse? +cgxe?

Thus the remaining terms are

2 3,2X 4.2

X 4 cgx3e?X +coxte®* +¢yge™

CoX +03X2 + C4X3 + C7X26

Hence, the form of the particular solution of the given equation is
Yp = Ax+Bx% +Cx3 + Ex%e?X + Fx%?* + Gx*e?X + He>X
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Exercise
Solve the given differential equation by the undetermined coefficients.
1. 2y"-7y"+5y=-29
2. y"+3y'=4x-5
3. y'+2y +2y =5
4. y"+4y=4cosx+3sinx—8
5. y'+2y' +y=x%"
6. y"+y=4cosx—sinx
7. y'—y'"+y —y=xe*-e*+7
8. y"+y=8cos2x—4sinx, y(z/2)=-1, y'(x/2)=0
9. y"-2y"+y'=xe*+5, y(0)=2, y'(0)=2, y"(0)=-1
10. y® —y" =x+e*, y(0)=0, y'(0)=0, y"(0)=0, y"(0)=0
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Lecture 20 Variation of Parameters

Recall

o That a non-homogeneous linear differential equation with constant coefficients is
an equation of the form
d n y d n—ly dy
ap ——+an_ +--+a;—+agy =0g(X
N o 1 gy F20Y=9()
o The general solution of such an equation is given by

General Solution = Complementary Function + Particular Integral
o Finding the complementary function has already been completely discussed.

o In the last two lectures, we learnt how to find the particular integral of the non-
homogeneous  equations by using the undetermined coefficients.

o That the general solution of a linear first order differential equation of the form
dy
—+P(X)y = f(x
™ (x)y = f(x)

is given by y= eI PdX _[eI Pdx ¢ (x)dx+ole_I Pdx

Note that

a In this last equation, the 2" term

Ye =G1€
is solution of the associated homogeneous equation:

%+ P(x)y=0

— [Pdx

o Similarly, the 1% term
Yp = el de.jeI PoX ¢ (x)dx

is a particular solution of the first order non-homogeneous linear  differential
equation.

o Therefore, the solution of the first order linear differential equation can be written
in the form

Y=Yc*VYp
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In this lecture, we will use the variation of parameters to find the particular integral of the
non-homogeneous equation.

The Variation of Parameters

First order equation
The particular solution Yp of the first order linear differential equation is given by

Yp = el de.jej Pl ¢ (x)dx

This formula can also be derived by another method, known as the variation of
parameters. The basic procedure is same as discussed in the lecture on construction of a
second solution

Since yp = e_I P

is the solution of the homogeneous differential equation
dy
vl P(x)y =0,

and the equation is linear. Therefore, the general solution of the equation is
y= Clyl(x)

The variation of parameters consists of finding a function u,(x) such that

Yp =Up(X) Ya(X)

is a particular solution of the non-homogeneous differential equation

%+P(x) y=f(x)

Notice that the parameter c; has been replaced by the variable U,. We substitute Yp in

the given equation to obtain
dy; duy
Ug| ==+ P(x +y;— = f(x
1{ dx ( )YJ Y1 dx (x)

Since vy, is a solution of the non-homogeneous differential equation. Therefore we must
have

B 4 p(x)y, =0

So that we obtain

This is a variable separable equation. By separating the variables, we have

du, :de

Y1 ()

Integrating the last expression w.r.to X, we obtain
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u,(X) :J%lx)dx :IeJPdX - (x)dx

Therefore, the particular solution 'y, of the given first-order differential equation is .

y= ul(X)yl
or Yp :e_IPdX.J'eIPdX.f(x)dx
f(x)
u, = dx
Jyl(X)

Second Order Equation
Consider the 2" order linear non-homogeneous differential equation

a, (X)y” +a (X)y’ + 8, (X)y = g(X)
By dividing with a, (x), we can write this equation in the standard form
y"+P(x)y’ +Q(x)y = f(x)
The functions P(X), Q(X) and f (X) are continuous on some interval | . For the
complementary function we consider the associated homogeneous differential equation
y"+P(x)y’ +Q(x)y =0
Complementary function
Suppose that y, andy, are two linearly independent solutions of the homogeneous
equation. Then Y, andy, form a fundamental set of solutions of the homogeneous
equation on the interval | . Thus the complementary function is
Ye = C1y1(x)+coy2(x)
Since y, and y, are solutions of the homogeneous equation. Therefore, we have
yi+P (x)y; +Q(x)yy =0
y5 +P(x)ys +Q(x)y, =0
Particular Integral

For finding a particular solutiony , we replace the parameters c;and c,in the

p
complementary function with the unknown variables u;(x) andu,(x). So that the
assumed particular integral is

Yp = (%) Y2 (%) +Us (X) Y2 (%)
Since we seek to determine two unknown functions u;andu,, we need two equations

involving these unknowns. One of these two equations results from substituting the
assumed Y, in the given differential equation. We impose the other equation to simplify

the first derivative and thereby the 2™ derivative of Yp-
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Yp =UrY1+ YU +UpYs +UsYp =Uryg +UpYs +UrYy +UsY5

To avoid 2™ derivatives of U, andU, , we impose the condition
Ujy; +uzys =0

Then Yp =U1y1 +UzY>
So that

Yp =U1Y7 +Ujy; +Uzys +UzY5
Therefore

Yp+PYp+Qyp= Uyl +Uuy;  + Upyz + UpY;

+Puy; + Pupy, + Quyy; + Qupy,

Substituting in the given non-homogeneous differential equation yields

Upy1 +Uy1 +UpYs +UzY5 + Pupyp +Puyys +Quqy; +Quyy, = F(X)

!

or uly; +Py; +Qy J+u,[y; + Py, +Qy,]+ury; +usy, = f(x)

Now making use of the relations
y;+ P (x)y; +Q(x)y, =0
Y5 +P(x)yz +Q(x)y, =0
we obtain
ugy; +uzys = f(x)
Hence u;and u, must be functions that satisfy the equations
uiy; +uzy, =0
upy;  + Upyy = f(x)
By using the Cramer’s rule, the solution of this set of equations is given by

' Wl ' WZ
U =—, U, =—~
W w

WhereW , W, and W, denote the following determinants

Wi — 0 vy yi O
() v yi f(x)

The determinant W can be identified as the Wronskian of the solutions y; and y, . Since
the solutions y, and y, are linearly independent on | . Therefore

W(y,(x),y,(x))=0, V xel.

Y1 Y2

W: ! !
Y Y2

. Wy =
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Now integrating the expressions for u; anduj, we obtain the values of u,andu,, hence
the particular solution of the non-homogeneous linear differential equation.

Summary of the Method
To solve the 2™ order non-homogeneous linear differential equation

a,y"+ aly’ +ayy = g(x),

using the variation of parameters, we need to perform the following steps:

Step 1 We find the complementary function by solving the associated homogeneous
differential equation

ay"+ary’ +agy=0
Step 2 If the complementary function of the equation is given by
Yo =CY1tCY2

then y, and y, are two linearly independent solutions of the homogeneous differential
equation. Then compute the Wronskian of these solutions.

Y1 Y2
yi Y2
Step 3 By dividing with a,, we transform the given non-homogeneous equation into the
standard form

W =

y"+P(x)y’ +Q(x)y = f(x)
and we identify the function f(x).
Step 4 We now construct the determinants W; andW, given by
0 v y O
FO) 2 i f(x)

Step 5 Next we determine the derivatives of the unknown variables u, and u, through
the relations

W1: ) 2=

’ Wl ' WZ
Ul =), U2 =

W w
Step 6 Integrate the derivativesu; and u to find the unknown variables u, andu,. So

that
ulzjvidx, UZ:J'V&dx
W w

Step 7 Write a particular solution of the given non-homogeneous equation as
Yp TUiys +U2Y2

Step 8 The general solution of the differential equation is then given by
Y=Ye+Yp =CY1+C2Y2 + Uy +U2Y2.
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Constants of Integration

We don’t need to introduce the constants of integration, when computing the indefinite
integrals in step 6 to find the unknown functions of u, and u,. For, if we do introduce

these constants, then
Yo = +a)y+ (U, +b)y,
So that the general solution of the given non-homogeneous differential equation is

Yy=Y.+tY¥Y,=CY,+CY, +(U1 +a1)y1 +(U2 +b1)y2

or y=(cr+a)yr+(co+by)yo +pys +Upy,

If we replace ¢ +aqwith Cyand ¢, +b; withC,, we obtain

y=Cqy1 +Coyp +U1y; +UsYo

This does not provide anything new and is similar to the general solution found in step 8,
namely

y=0GYy, +GY, +uy +u,y,

Example 1
Solve y'—4y' +4y =(x+1)e.

Solution:

Step 1 To find the complementary function
y'—4y'+4y =0
Put yzemxly¢=memxiy”=m2€mx
Then the auxiliary equation is
m? —4m+4=0
(m-2P=0=>m=2,2
Repeated real roots of the auxiliary equation
y.=ce” + c,xe*
Step 2 By the inspection of the complementary function y., we make the identification

y; =e?* and y, = xe?*

er Xer

__4x
2x 2x 2x| e # O' VX
2e 2xe”" +e

Therefore W(y,, yz)=W(ezx’Xezx):

Step 3 The given differential equation is
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y" —4y' +4y = (x+1)e?*
Since this equation is already in the standard form

y"+P(x)y +Q(x)y = f(x)
Therefore, we identify the function f (x) as

f(x)=(x +1)e2X

Step 4 We now construct the determinants

W, = 0 xe™ ——(x+1)xe4X
Pol(x+1)e” 2xe™ e |
e?* 0
W, = = 1)e*
* 26 (x+1)e” (x+1)e

Step 5 We determine the derivatives of the functions u; and u, in this step

;W (x+1)xe®

2
ulzwz— oo =—X =X
W, (x+1)e*
u, W _ (x+D)e™ +4Ze =x+1
W e
Step 6 Integrating the last two expressions, we obtain
3 2

x> x
u, =I(—x2 —x)dx:—?—?

X2
u, :j(x+1)dx =7+x.

Remember! We don’t have to add the constants of integration.
Step 7 Therefore, a particular solution of then given differential equation is

3 2 2
y o= XXX | Xy [xe2X
p 3 2 2

3 2
o o %+X7}2x

Step 8 Hence, the general solution of the given differential equation is

_ _ 2X 2X X_s _2 2X
y—yC+yp—Cle +C,Xe +[6+ je

Example 2
Solve 4y" + 36y = cSC3X.
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Solution:

Step 1 To find the complementary function we solve the associated homogeneous
differential equation

4y"+36y=0=y"+9y =0
The auxiliary equation is
m2 +9=0= m=+3i
Roots of the auxiliary equation are complex. Therefore, the complementary function is
Yo = €1 €0S3X +Cp Sin3x
Step 2 From the complementary function, we identify
y1 =C0S3X, Yo =Sin3x
as two linearly independent solutions of the associated homogeneous equation. Therefore

C0S3X sin 3x
—3sin3x 3co0s3x

W (cos3x,sin 3x) =

Step 3 By dividing with 4, we put the given equation in the following standard form
y"+9y = 1csc3x.
4
So that we identify the function f(x) as

1
f = — 3
(x)==csc3x

Step 4 We now construct the determinants W; and Wo

0 sin3x

W, =1 :——csc3x-sin3x:—1
-ZCSC3X 3c0Ss3x 4

COS3X 0
B _1cos3x

~ |-3sin3x %CSC?)X ~ 4sin3x

2

Step 5 Therefore, the derivatives ujand u5 are given by

, W 1 , W, 1 cos3x
u].:_:__7 u2:—:— -
W 12 W 12 sin3x

Step 6 Integrating the last two equations w.r.to X, we obtain
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Ug —— 1y and Usp :iln|sin3x|
12 36

Note that no constants of integration have been added.
Step 7 The particular solution of the non-homogeneous equation is

1 1. i
=——XC0S3X+—(sin3x)In|sin 3x
Step 8 Hence, the general solution of the given differential equation is

y=Y¢+Yp =C1C083X+Cy sinBX—%xc053x+3—16(sin3x)ln|sin3x|

Example 3

n

Solve y'—y=

Solution:

Step 1 For the complementary function consider the associated homogeneous equation
y'-y=0

To solve this equation we put

y = emx y, -m emx y” _ m2emx

Then the auxiliary equation is:
m?-1=0=>m=x1

The roots of the auxiliary equation are real and distinct. Therefore, the complementary
function is

Yo = creX +ce X

Step 2 From the complementary function we find

X J—
y1=¢€", yp==¢
The functions y; and y, are two linearly independent solutions of the homogeneous
equation. The Wronskian of these solutions is

W(ex, e_x):

X

eX  e7*
eX —e7 X

=2

Step 3 The given equation is already in the standard form
y'+p(x)y'+Q(x)y="f(x)
1

Here f(x)==
X
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Step 4 We now form the determinants

—X
wi=| 0 & —ex)
1/x —e X
X
w,=| & 0 l_exy
e’ 1/x

Step 6 We integrate these two equations to find the unknown functions u; and u,.

ulzlje—dx, uzz—lje—dx
2) X 2) X

The integrals defining u, and u, cannot be expressed in terms of the elementary functions
and it is customary to write such integral as:

Xt Xt
ul:EJ ert, u, = EJ ert

Step 7 A particular solution of the non-homogeneous equations is

X
1 et 1 5 X gt
yp:EEJ' _t dt—Ee J Tdt
Xo

XO

Step 8 Hence, the general solution of the given differential equation is

1 e 1 X et
y=yc+yp=clex+cze_x+5exj Tdt——e_xj Tdt

XO
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Exercise

Solve the differential equations by variations of parameters.
1.

2.

3.

7.

8.

y"+y=tanx
y"+y =secxtanx

y”+y:se02x

y"—y=9x/e
y”—2y’+y=eX/(1+x2)
4y¢r_4y¢+ y=eX/2 /1_X2

"

y" + 4y’ =sec2x

2ym _ 6y!l — X2

Solve the initial value problems.

9.

2y"+y —y=x+1

10. y" -4y’ +4y = (12x2 —GX)eZX
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